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R-TRANSFORM THEORY ON A TOWER OF AMALGAMATED
NONCOMMUTATIVE PROBABILITY SPACES
ILWOO CHO
Abstract. In [12], we observed Amalgamated R-transform Theory. Different
from the original definition of Voiculescu and Speicher (in [10] and [1]), we
define R-transforms of operator-valued random variable(s) by operator-valued
formal series. By doing that we can establish Amalgamated R-transform cal-
culus. In this paper, we will concentrate on observing R-transforms on a
tower of amalgamated noncommutative probability spaces. We will consider
the R-transform calculus and relation between R-transforms on the tower and
distributions with respect to the tower. As application, we will observe the
compatibility of the given tower and commuting ladders of amalgamated non-
commutative probability spaces.
Voiculescu developed Free Probability Theory. Here, the classical concept of In-
dependence in Probability theory is replaced by a noncommutative analogue called
Freeness (See [8]). There are two approaches to study Free Probability Theory.
One of them is the original analytic approach of Voiculescu (See [8] and [7]) and
the other one is the combinatorial approach of Speicher and Nica (See [1], [6] and
[7]).
To observe the free additive convolution and free multiplicative convolution of
two distributions induced by free random variables in a noncommutative prob-
ability space (over B = C), Voiculescu defined R-transforms and S-transforms,
respectively. These show that to study distributions is to study certain (B-) formal
series for arbitrary noncommutative indeterminants.
Speicher defined the free cumulants which are the main objects in the combi-
natorial approach of Free Probability Theory. And he developed free probability
theory by using the combinatorics and lattice theory on collections of noncrossing
partitions (See [7]). Also, Speicher considered the operator-valued free probability
theory, which is also defined and observed analytically by Voiculescu, when C is
replaced to an arbitrary algebra B (See [1] and [7]). Nica defined R-transforms
of several random variables (See [6]). He defined these R-transforms as multi-
variable formal series in noncommutative several indeterminants. To observe the
R-transform, the Mo¨bius Inversion under the embedding of lattices plays a key role
(See [1],[7],[5],[9],[13] and [17]).
In [9], [19] and [20], we observed the amalgamated R-transform calculus. Actu-
ally, amalgamated R-transforms are defined originally by Voiculescu (See [7]) and
are characterized combinatorially by Speicher (See [1]). In [9], we defined amalga-
mated R-transforms slightly different, compared with those in [1] and [7], because
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of the bimodule map property. We defined them as B-formal series, in ΘsB, in s-
noncommutative indeterminents and tried to characterize, like in [6] and [7]. The
main tool which is considered, for studying amalgamated R-transform calculus,
is the amalgamated boxed convolution, *B defined in [9]. After defining boxed
convolution over an arbitrary algebra B, we could get that
Rx1,...,xs *B R
symm(1B)
y1,...,ys = Rx1y1,...,xsys , for any s ∈ N,
where xj ’s and yj ’s are free B-valued random variables. However, different from
scalar-valued case (in [6] and [7]), in general,
Rx1,...,xs *B Ry1,...,ys 6= Rx1y1,...,xsys ,
even if xj ’s and yj’s are free over B.
In this paper, we will consider a tower of algebras. i.e
C ⊂ B ⊂ A1 ⊂ A2 ⊂ .... ⊂ A∞,
where A1 is an algebra over B and Aj+1 is an algebra over Aj , for all j = 1, 2, · · ·,
and A∞ is an enveloping algebra of this tower of algebra. Notice that An is an
algebra over B, again, for all n ∈ N.
In Chapter 1, we will observe Amalgamated R-transform Theory established in
[9]. In Chapter 2, we will consider the R-transform theory on a tower of algebras. In
Chapter 3, we will study the relation between R-transforms on a tower of algebras
and operator-valued (or scalar-valued) distributions on that tower. In Chapter 4, as
application, we will define a operator-valued semicircularity on a tower of algebras
and observe their R-transform theory. Also, after assuming the compatibility on the
tower, we will observe the R-transform calculus and operator-valued distributions.
1. Preliminaries
1.1. Amalgamated Free Probability Theory.
In this section, we will summarize and introduced the basic results from [1] and
[9]. Throughout this section, let B be a unital algebra. The algebraic pair (A,ϕ) is
said to be a noncommutative probability space over B (shortly, NCPSpace over B)
if A is an algebra over B (i.e 1B = 1A ∈ B ⊂ A) and ϕ : A→ B is a B-functional
(or a conditional expectation) ; ϕ satisfies
ϕ(b) = b, for all b ∈ B
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and
ϕ(bxb′) = bϕ(x)b′, for all b, b′ ∈ B and x ∈ A.
Let (A,ϕ) be a NCPSpace over B. Then, for the given B-functional, we can
determine a moment multiplicative function ϕ̂ = (ϕ(n))∞n=1 ∈ I(A,B), where
ϕ(n)(a1 ⊗ ...⊗ an) = ϕ(a1....an),
for all a1 ⊗ ...⊗ an ∈ A
⊗Bn, ∀n ∈ N.
We will denote noncrossing partitions over {1, ..., n} (n ∈ N) by NC(n). Define
an ordering on NC(n) ;
θ = {V1, ..., Vk} ≤ pi = {W1, ...,Wl}
def
⇔ For each block Vj ∈ θ, there exists only
one block Wp ∈ pi such that Vj ⊂Wp, for j = 1, ..., k and p = 1, ..., l.
Then (NC(n),≤) is a complete lattice with its minimal element 0n = {(1), ..., (n)}
and its maximal element 1n = {(1, ..., n)}. We define the incidence algebra I2
by a set of all complex-valued functions η on ∪∞n=1 (NC(n)×NC(n)) satisfying
η(θ, pi) = 0, whenever θ  pi. Then, under the convolution
∗ : I2 × I2 → C
defined by
η1 ∗ η2(θ, pi) =
∑
θ≤σ≤pi
η1(θ, σ) · η2(σ, pi),
I2 is indeed an algebra of complex-valued functions. Denote zeta, Mo¨bius and
delta functions in the incidence algebra I2 by ζ, µ and δ, respectively. i.e
ζ(θ, pi) =
{
1 θ ≤ pi
0 otherwise,
δ(θ, pi) =
{
1 θ = pi
0 otherwise,
and µ is the (∗)-inverse of ζ. Notice that δ is the (∗)-identity of I2. By using the
same notation (∗), we can define a convolution between I(A,B) and I2 by
f̂ ∗ η (a1, ..., an ; pi) =
∑
pi∈NC(n)
f̂(pi)(a1 ⊗ ...⊗ an)η(pi, 1n),
where f̂ ∈ I(A,B), η ∈ I1, pi ∈ NC(n) and aj ∈ A (j = 1, ..., n), for all n ∈ N.
Notice that f̂ ∗ η ∈ I(A,B), too. Let ϕ̂ be a moment multiplicative function in
I(A,B) which we determined before. Then we can naturally define a cumulant
multiplicative function ĉ = (c(n))∞n=1 ∈ I(A,B) by
ĉ = ϕ̂ ∗ µ or ϕ̂ = ĉ ∗ ζ.
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This says that if we have a moment multiplicative function, then we always get
a cumulant multiplicative function and vice versa, by (∗). This relation is so-called
”Mo¨bius Inversion”. More precisely, we have
ϕ(a1...an) = ϕ
(n)(a1 ⊗ ...⊗ an)
=
∑
pi∈NC(n)
ĉ(pi)(a1 ⊗ ...⊗ an)ζ(pi, 1n)
=
∑
pi∈NC(n)
ĉ(pi)(a1 ⊗ ...⊗ an),
for all aj ∈ A and n ∈ N. Or equivalently,
c(n)(a1 ⊗ ...⊗ an) =
∑
pi∈NC(n)
ϕ̂(pi)(a1 ⊗ ...⊗ an)µ(pi, 1n).
Now, let (Ai, ϕi) be NCPSpaces over B, for all i ∈ I. Then we can define a
amalgamated free product of Ai ’s and amalgamated free product of ϕi’s by
A ≡ ∗BAi and ϕ ≡ ∗iϕi,
respectively. Then, by Voiculescu, (A,ϕ) is again a NCPSpace over B and, as a
vector space, A can be represented by
A = B ⊕
(
⊕∞n=1
(
⊕
i1 6=... 6=in
(Ai1 ⊖B)⊗ ...⊗ (Ain ⊖B)
))
,
where Aij ⊖ B = kerϕij . We will use Speicher’s combinatorial definition of
amalgamated free product of B-functionals ;
Definition 1.1. Let (Ai, ϕi) be NCPSpaces over B, for all i ∈ I. Then ϕ = ∗iϕi is
the amalgamated free product of B-functionals ϕi’s on A = ∗BAi if the cumulant
multiplicative function ĉ = ϕ̂ ∗ µ ∈ I(A,B) has its restriction to ∪
i∈I
Ai, ⊕
i∈I
ĉi, where
ĉi is the cumulant multiplicative function induced by ϕi, for all i ∈ I and, for each
n ∈ N,
c(n)(a1 ⊗ ...⊗ an) =
{
c
(n)
i (a1 ⊗ ...⊗ an) if ∀aj ∈ Ai
0B otherwise.
Now, we will observe the freeness over B ;
Definition 1.2. Let (A,ϕ)be a NCPSpace over B.
(1) Subalgebras containing B, Ai ⊂ A (i ∈ I) are free (over B) if we let ϕi =
ϕ |Ai , for all i ∈ I, then ∗iϕi has its cumulant multiplicative function ĉ such that its
restriction to ∪
i∈I
Ai is ⊕
i∈I
ĉi, where ĉi is the cumulant multiplicative function induced
by each ϕi, for all i ∈ I.
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(2) Sebsets Xi (i ∈ I) are free (over B) if subalgebras Ai’s generated by B and
Xi’s are free in the sense of (1). i.e If we let Ai = A lg (Xi, B) , for all i ∈ I, then
Ai’s are free over B.
In [1], Speicher showed that the above combinatorial freeness with amalgama-
tion can be used alternatively with respect to Voiculescu’s original freeness with
amalgamation.
Let (A,ϕ) be a NCPSpace over B and let x1, ..., xs be B-valued random variables
(s ∈ N). Define (i1, ..., in)-th moment of x1, ..., xs by
ϕ(xi1bi2xi2 ...binxin),
for arbitrary bi2 , ..., bin ∈ B, where (i1, ..., in) ∈ {1, ..., s}
n, ∀n ∈ N. Similarly,
define a symmetric (i1, ..., in)-th moment by the fixed b0 ∈ B by
ϕ(xi1b0xi2 ...b0xin).
If b0 = 1B, then we call this symmetric moments, trivial moments.
Cumulants defined below are main tool of combinatorial free probability theory
; in [9], we defined the (i1, ..., in)-th cumulant of x1, ..., xs by
kn(xi1 , ..., xin) = c
(n)(xi1 ⊗ bi2xi2 ⊗ ...⊗ binxin),
for bi2 , ..., bin ∈ B, arbitrary, and (i1, ..., in) ∈ {1, ..., s}
n, ∀n ∈ N, where ĉ =
(c(n))∞n=1 is the cumulant multiplicative function induced by ϕ. Notice that, by
Mo¨bius inversion, we can always take such B-value whenever we have (i1, ..., in)-th
moment of x1, ..., xs. And, vice versa, if we have cumulants, then we can always
take moments. Hence we can define a symmetric (i1, ..., in)-th cumulant by b0 ∈ B
of x1, ..., xs by
k
symm(b0)
n (xi1 , ..., xin) = c
(n)(xi1 ⊗ b0xi2 ⊗ ...⊗ b0xin).
If b0 = 1B, then it is said to be trivial cumulants of x1, ..., xs.
By Speicher, it is shown that subalgebras Ai (i ∈ I) are free over B if and only
if all mixed cumulants vanish.
Proposition 1.1. (See [1] and [9]) Let (A,ϕ) be a NCPSpace over B and let
x1, ..., xs ∈ (A,ϕ) be B-valued random variables (s ∈ N). Then x1, ..., xs are free if
and only if all their mixed cumulants vanish. 
6 ILWOO CHO
1.2. Amalgamated R-transform Theory.
In this section, we will define an R-transform of several B-valued random vari-
ables. Note that to study R-transforms is to study operator-valued distributions.
R-transforms with single variable is defined by Voiculescu (over B, in particular,
B = C. See [8] and [7]). Over C, Nica defined multi-variable R-transforms in [6]. In
[9], we extended his concepts, over B. R-transforms of B-valued random variables
can be defined as B-formal series with its (i1, ..., in)-th coefficients, (i1, ..., in)-th
cumulants of B-valued random variables, where (i1, ..., in) ∈ {1, ..., s}
n, ∀n ∈ N.
Definition 1.3. Let (A,ϕ) be a NCPSpace over B and let x1, ..., xs ∈ (A,ϕ) be B-
valued random variables (s ∈ N). Let z1, ..., zs be noncommutative indeterminants.
Define a moment series of x1, ..., xs, as a B-formal series, by
Mx1,...,xs(z1, ..., zs) =
∑∞
n=1
∑
i1,..,in∈{1,...,s}
ϕ(xi1bi2xi2 ...binxin) zi1 ...zin ,
where bi2 , ..., bin ∈ B are arbitrary for all (i2, ..., in) ∈ {1, ..., s}
n−1, ∀n ∈ N.
Define an R-transform of x1, ..., xs, as a B-formal series, by
Rx1,...,xs(z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
kn(xi1 , ..., xin) zi1 ...zin ,
with
kn(xi1 , ..., xin) = c
(n)(xi1 ⊗ bi2xi2 ⊗ ...⊗ binxin),
where bi2 , ..., bin ∈ B are arbitrary for all (i2, ..., in) ∈ {1, ..., s}
n−1, ∀n ∈ N.
Here, ĉ = (c(n))∞n=1 is a cumulant multiplicative function induced by ϕ in I(A,B).
Denote a set of all B-formal series with s-noncommutative indeterminants (s ∈
N), by ΘsB. i.e if g ∈ Θ
s
B, then
g(z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
bi1,...,in zi1 ...zin ,
where bi1,...,in ∈ B, for all (i1, ..., in) ∈ {1, ..., s}
n, ∀n ∈ N. Trivially, by definition,
Mx1,...,xs , Rx1,...,xs ∈ Θ
s
B. By R
s
B , we denote a set of all R-transforms of s-B-valued
random variables. Recall that, set-theoratically,
ΘsB = R
s
B, sor all s ∈ N.
We can also define symmetric moment series and symmetric R-transform by
b0 ∈ B, by
M
symm(b0)
x1,...,xs (z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
ϕ(xi1b0xi2 ...b0xin) zi1 ...zin
and
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R
symm(b0)
x1,...,xs (z1, ..., zs) =
∑∞
n=1
∑
i1,..,in∈{1,...,s}
k
symm(b0)
n (xi1 , ..., xin) zi1 ...zin ,
with
k
symm(b0)
n (xi1 , ..., xin) = c
(n)(xi1 ⊗ b0xi2 ⊗ ...⊗ b0xin),
for all (i1, ..., in) ∈ {1, ..., s}
n, ∀n ∈ N.
If b0 = 1B, then we have trivial moment series and trivial R-transform of x1, ..., xs
denoted by M tx1,...,xs and R
t
x1,...,xs
, respectively.
The followings are known in [1] and [9] ;
Proposition 1.2. Let (A,ϕ) be a NCPSpace over B and let x1, ..., xs, y1, ..., yp ∈
(A,ϕ) be B-valued random variables, where s, p ∈ N. Suppose that {x1, ..., xs} and
{y1, ..., yp} are free in (A,ϕ). Then
(1) Rx1,...,xs,y1,...,yp(z1, ..., zs+p) = Rx1,...,xs(z1, ..., zs) +Ry1,...,yp(z1, ..., zp).
(2) If s = p, then Rx1+y1,...,xs+ys(z1, ..., zs) = (Rx1,...,xs +Ry1,...,ys) (z1, ..., zs).

The above proposition is proved by the characterization of freeness with respect
to cumulants. i.e {x1, ..., xs} and {y1, ..., yp} are free in (A,ϕ) if and only if their
mixed cumulants vanish. Thus we have
kn(pi1 , ..., pin) = c
(n)(pi1 ⊗ bi2pi2 ⊗ ...⊗ binpin)
= (ĉx ⊕ ĉy)
(n) (pi1 ⊗ bi2pi2 ⊗ ...⊗ binpin)
=
{
kn(xi1 , ..., xin) or
kn(yi1 , ..., yin)
and if s = p, then
kn(xi1 + yi1 , ..., xin + yin)
= c(n) ((xi1 + yi1)⊗ bi2(xi2 + yi2)⊗ ...⊗ bin(xin + yin))
= c(n)(xi1 ⊗ bi2xi2 ⊗ ...⊗ binxin) + c
(n)(yi1 ⊗ bi2yi2 ⊗ ...⊗ binyin) + [Mixed]
where [Mixed] is the sum of mixed cumulants of xj ’s and yi’s, by the bimodule
map property of c(n)
= kn(xi1 , ..., xin) + kn(yi1 , ..., yin) + 0B.
Note that if f, g ∈ ΘsB, then we can always choose free {x1, ..., xs} and {y1, ..., ys}
in (some) NCPSpace over B, (A,ϕ), such that
f = Rx1,...,xs and g = Ry1,...,ys .
Definition 1.4. (1) Let s ∈ N. Let (f, g) ∈ ΘsB ×Θ
s
B. Define * : Θ
s
B ×Θ
s
B → Θ
s
B
by
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(f, g) = (Rx1,...,xs , Ry1,...,ys) 7−→ Rx1,...,xs * Ry1,...,ys .
Here, {x1, ..., xs} and {y1, ..., ys} are free in (A,ϕ). Suppose that
coefi1,..,in (Rx1,...,xs) = c
(n)(xi1 ⊗ bi2xi2 ⊗ ...⊗ binxin)
and
coefi1,...,in(Ry1,...,ys) = c
(n)(yi1 ⊗ b
′
i2
yi2 ⊗ ...⊗ b
′
in
yin),
for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N, where bij , b
′
in
∈ B arbitrary. Then
coefi1,...,in (Rx1,...,xs * Ry1,...,ys)
=
∑
pi∈NC(n)
(ĉx ⊕ ĉy) (pi ∪Kr(pi))(xi1 ⊗ yi1 ⊗ bi2xi2 ⊗ b
′
i2
yi2 ⊗ ...⊗ binxin ⊗ b
′
in
yin)
denote
=
∑
pi∈NC(n)
(
kpi ⊕ kKr(pi)
)
(xi1 , yi1 , ..., xinyin),
where ĉx ⊕ ĉy = ĉ |Ax∗BAy , Ax = A lg ({xi}
s
i=1, B) and Ay = A lg ({yi}
s
i=1, B)
and where pi ∪Kr(pi) is an alternating union of partitions in NC(2n)
Proposition 1.3. (See [9])Let (A,ϕ) be a NCPSpace over B and let x1, ..., xs, y1, ..., ys ∈
(A,ϕ) be B-valued random variables (s ∈ N). If {x1, ..., xs} and {y1, ..., ys} are free
in (A,ϕ), then we have
kn(xi1yi1 , ..., xinyin)
=
∑
pi∈NC(n)
(ĉx ⊕ ĉy) (pi ∪Kr(pi))(xi1 ⊗ yi1 ⊗ bi2xi2 ⊗ yi2 ⊗ ...⊗ binxin ⊗ yin)
denote
=
∑
pi∈NC(n)
(
kpi ⊕ k
symm(1B)
Kr(pi)
)
(xi1 , yi1 , ..., xin , yin),
for all (i1, ..., in) ∈ {1, ..., s}
n, ∀n ∈ N, bi2 , ..., bin ∈ B, arbitrary, where ĉx⊕ ĉy =
ĉ |Ax∗BAy , Ax = A lg ({xi}
s
i=1, B) and Ay = A lg ({yi}
s
i=1, B) . 
This shows that ;
Corollary 1.4. (See [9]) Under the same condition with the previous proposition,
Rx1,...,xs * R
t
y1,...,ys
= Rx1y1,...,xsys .

Notice that, in general, unless b′i2 = ... = b
′
in
= 1B in B,
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Rx1,...,xs * Ry1,...,ys 6= Rx1y1,...,xsys .
However, as we can see above,
Rx1,...,xs * R
t
y1,...,ys
= Rx1y1,...,xsys
and
Rtx1,...,xs * R
t
y1,...,ys
= Rtx1y1,...,xsys ,
where {x1, ..., xs} and {y1, ..., ys} are free over B. Over B = C, the last equation
is proved by Nica and Speicher in [6] and [7]. Actually, their R-transforms (over C)
is our trivial R-transforms (over C).
2. Amalgamated R-transform Theory on a Tower of Algebras
2.1. R-transform Calculus On a Tower of Amalgamated NCPSpaces.
Let B be a unital algebra and let Ak’s be algebras over B, for all k = 1, 2, · · ·.
Moreover, assume that Aj+1 is an algebra over Aj , for each j = 1, 2, ..... Then we
can get a tower of algebras,
C ⊂ B ⊂ A1 ⊂ A2 ⊂ · · ·.
Assume that there exists a sequence of conditional expectations (ϕn : An → An−1)
∞
n=1 ,
where A0 = B. We can express this by
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 · · ·,
where ϕ0 : B → C is a fixed linear functional.
Definition 2.1. Suppose that we have a tower of algebras,
C ⊂ B ⊂ A1 ⊂ A2 ⊂ A3 ⊂ · · ·
such that Aj is an algebra over Aj−1, with A0 = B, for each j ∈ N. And assume
that there is a sequence of conditional expectations, ϕn : An → An−1, for all n ∈ N.
Then the tower of algebras together with conditional expectations,
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C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
is called a tower of amalgamated noncommutative probability spaces, where ϕ0 :
B → C is the fixed linear functional.
If we fix j ∈ N, then the inclusion [Aj ⊂ϕj+1 Aj+1] satisfies the R-transform
theory observed in Chapter 1. i.e for each j, we can regard [Aj ⊂
ϕj+1 Aj+1] as
[B ⊂ϕ A] observed in Chapter 1.
We are interested in the case [C ⊂EN AN ], where N ∈ N and
EN : AN → C
is the linear functional defined by
EN = ϕ0 ◦ ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕN
denote
= ϕ0ϕ1...ϕN .
Indeed, EN : AN → C is a linear functional ;
EN (αx+ βy) = ϕ0ϕ1...ϕN (αx+ βy)
= ϕ0ϕ1...ϕN−1 (αϕN (x) + βϕN (y))
by the bimodule map property of ϕN
= ϕ0ϕ1...ϕN−2
(
αϕN−1ϕN (x) + βϕN−1ϕN (y)
)
by the bimodule map property of ϕN−1
= ... = αϕ0ϕ1...ϕN (x) + βϕ0ϕ1...ϕN (y)
by the linearity of ϕ0.
So, EN = ϕ0ϕ1...ϕN is a well-determined linear functional on AN , for each N.
Definition 2.2. Let B be a unital algebra. Let (ϕk : Ak → Ak−1)
∞
k=1 , with A0 = B
be a sequence of conditional expectations, where ϕ0 : B → C is a fixed linear
functional. i.e, we have a tower of NCPSpaces,
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·.
For the fixed j ∈ N, if x1, ..., xs ∈ (Aj+1, ϕj+1) are Aj-valued random variables
(s ∈ N), then the moment series of them is defined by
M
(j+1)
x1,...,xs(z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
ϕj+1 (xi1ai2xi2 ...ainxin) zi1 ...zin ,
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as a Aj-formal series in Θ
s
Aj
, where bi2 , ..., bib ∈ Aj are arbitrary for each
(i1, ..., in) ∈ {1, ..., s}
n, n ∈ N. Similarly, in ΘsAj , we can define a R-transform
of x1, ..., xs by
R
(j+1)
x1,...,xs(z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
k
(j+1)
n (xi1 , ..., xin) zi1 ...zin ,
with its (i1, ..., in)-th coefficients
k
(j+1)
n (xi1 , ..., xin) = c
(n)
j+1 (xi1 ⊗ ai2xi2 ⊗ ...⊗ ainxin) ,
where ai2 , ..., ain ∈ Aj are arbitrary for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N, and
where ĉj+1 =
(
c
(k)
j+1
)∞
k=1
∈ Ic (Aj+1, Aj) is the cumulant multiplicative bimodule
map induced by ϕj+1 : Aj+1 → Aj . Similar to the [B ⊂
ϕ A]-case in Chapter 1, we
can define trivial moment series and trivial R-transform of x1, ..., xs by
M
(j+1) : t
x1,...,xs (z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
ϕj+1 (xi1xi2 ...xin) zi1 ...zin
and
R
(j+1) : t
x1,...,xs (z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
k
(j+1) : t
n (xi1 , ..., xin) zi1 ...zin ,
in ΘsAj , as Aj-formal series, respectively. Let Ej+1 = ϕ0ϕ1 · · ·ϕj+1 : Aj+1 → C
be a linear functional. Then a moment series of x1, ..., xs and an R-transform of
x1, ..., xs are denoted by
mx1,...,xs(z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
Ej+1 (xi1xi2 ...xin) zi1 ...zin
and
rx1,...,xs(z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
k
(Ej+1)
n (xi1 , ..., xin) zi1 ...zin ,
as formal series in Θs
C
denote
= Θs, respectively. Here, the (i1, ..., in)-th Ej+1-
moments and (i1, ..., in)-th Ej+1-cumulants are defined in the sense of Speicher
and Nica (See [6] and [7]). i.e, by using our notation introduced in Chapter 1, they
are just scalar-valued trivial moments and trivial cumulants.
Since we can regard Ej+1 as a linear functional and k
(Ej+1)
n as a scalar-valued
cumulants, we will use the notation used in [6] and [7], for the convenience. (For
example, instead of using the notation for Êj+1(pi)(...) and ĉEj+1(pi)(...), we will
use Ej+1 : pi(...) and k
(Ej+1)
pi (...), like in [6] and [7].)
Notice that we can apply all our results in Chapter 1 to [Aj ⊂
ϕj+1 Aj+1], for the
fixed j ∈ N, in the tower of amalgamated NCPSpaces,
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C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·.
By *Aj , we will denote the Aj -valued boxed convolution on Θ
s
Aj
, for all s ∈ N.
Also, we can consider the Aj-freeness for each j. In this section, we will concentrate
on observing B-freeness of EN and considering EN -cumulants. But first, we can
get the following R-transform calculus for each step [Aj ⊂
ϕj+1 Aj+1]. By definition
and by Chapter 1, we have the following Aj-valued R-transform calculus, for each
j-th step of a tower of NCPSpaces.
Proposition 2.1. Let B be a unital algebra and assume that we have a tower of al-
gebras TB ((Ai)
∞
i=1) and a sequence of conditional expectations
(
ϕj : Aj → Aj−1
)∞
j=1
,
with A0 = B. i.e, we have a tower of NCPSpaces
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·.
Fix j ∈ N. Let x1, ..., xs, y1, ..., ys ∈ (Aj+1, ϕj+1) be Aj-valued random variables
(s ∈ N). Assume that two subsets of Aj+1, X = {x1, ..., xs} and Y = {y1, ..., ys}
are free over Aj (in short, Aj-free). Then
(1) R
(j+1)
x1,...,xs,y1,...,ys(z1, ..., z2s) = R
(j+1)
x1,...,xs(z1, ..., zs) +R
(j+1)
y1,...,ys(zs+1, ..., z2s).
(2) R
(j+1)
x1+y1,...,xs+ys(z1, ..., zs) =
(
R
(j+!)
x1,...,xs +R
(j+1)
y1,...,ys
)
(z1, ..., zs).
(3) R
(j+1)
x1y1,...,xsys(z1, ..., zs) =
(
R
(j+1)
x1,...,xs *Aj R
(j+1) : t
y1,...,ys
)
(z1, ..., zs). 
From now, we will observe the Ej+1-cumulants of random variables. Notice
that (Aj+1, Ej+1) is a NCPSpace (over C), since Ej+1 : Aj+1 → C is a well-
determined linear functional. Hence if x1, ..., xs ∈ Aj+1 are operators, then they
can be regarded as (scalar-valued) random variables (s ∈ N). So, Ej+1-cumulants
of them are well-defined with respect to the multiplicative bimodule map ĉEj+1 ,
induced by Ej+1.
Lemma 2.2. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Let Ej+1 = ϕ0ϕ1....ϕj+1 : Aj+1 → B
be a B-functional, for each j = 1, ..., n. Let x1, ..., xs ∈ (Aj+1, Ej+1) be B-valued
random variables (s ∈ N). Then
k
(Ej+1)
n (xi1 , ..., xin)
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=
∑
pi∈NC(n)
( ∏
V=(v1,...,vk)∈pi
( ∑
θ∈NC(k)
Ej(k
(j+1) : t
k : θ (xv1 , ..., xvk))
))
µ(pi, 1n),
for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N.
Proof. Fix n ∈ N and (i1, ..., in) ∈ {1, ..., s}n. Then
k
(Ej+1)
n (xi1 , ..., xin) = c
(n)
Ej+1
(xi1 ⊗ xi2 ⊗ ...⊗ xin)
by using of our notation (See Chapter 1)
=
∑
pi∈NC(n)
Êj+1(pi) (xi1 ⊗ bi2xi2 ⊗ ...⊗ binxin) µ(pi, 1n)
=
∑
pi∈NC(n)
Ej+1 : pi (xi1 , ..., xin) µ(pi, 1n)
by using notation of Nica and Speicher (See [6] and [7])
=
∑
pi∈NC(n)
( ∏
V=(v1,...,vk)∈pi
Ej+1 (xv1 ...xvk)
)
µ(pi, 1n).
(Since Ej+1 is a linear functional, we don’t need to consider the insertion prop-
erty with respect to inner partitions and outer partitions. So, we can conclude the
above last equality.)
Now, observe Ej+1(xv1 ...xvk), for the fixed block V = (v1, ..., vk) ∈ pi, for pi ∈
NC(n) ;
Ej+1 (xv1 ...xvn) = ϕ0ϕ1...ϕjϕj+1(xv1 ...xvk)
= ϕ0ϕ1...ϕj
(
ϕj+1(xv1 ...xvk)
)
(2.2.1)
= ϕ0ϕ1...ϕj
( ∑
θ∈NC(k)
ĉj+1(θ) (xv1 ⊗ ...⊗ xvk)
)
.
From now, we will denote a partition-dependent amalgamated trivial cumulant
having the form, ĉj+1(θ) (xv1 ⊗ ...⊗ xvk) , by k
(j+1) : t
k : θ (xv1 , ..., xvk). By using this
new notation, we can re-express the formula (2.2.1) ;
(2.2.2)
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= ϕ0ϕ1...ϕj
( ∑
θ∈NC(k)
k
(j+1) : t
k : θ (xv1 , ..., xvk)
)
= ϕ0ϕ1...ϕj−1
( ∑
θ∈NC(k)
ϕj
(
k
(j+1) : t
k : θ (xv1 , ..., xvk)
))
= .......
=
∑
θ∈NC(k)
ϕ0ϕ1...ϕj
(
k
(j+1) : t
k : θ (xv1 , ..., xvk)
)
=
∑
θ∈NC(k)
Ej
(
k
(j+1) : t
k : θ (xv1 , ..., xvk)
)
.
Therefore,
k
(Ej+1)
n (xi1 , ..., xin) =
∑
pi∈NC(n)
( ∏
V=(v1,...,vk)∈pi
Ej+1 (xv1 ...xvk)
)
µ(pi, 1n)
=
∑
pi∈NC(n)
( ∏
V=(v1,...,vk)∈pi
( ∑
θ∈NC(k)
Ej(k
(j+1) : t
k : θ (xv1 , ..., xvk))
))
µ(pi, 1n).
The above lemma shows the relation between Ej+1-cumulants and Ej-moments.
Also, this shows that to compute the Ej+1-cumulants, we only need to consider the
Mo¨bius inversion for Aj-valued moments with respect to ϕj+1, for each block.
Corollary 2.3. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Define Ej+1 = ϕ0ϕ1...ϕjϕj+1, for each
j = 0, 1, .... Let x1, ..., xs ∈ (Aj+1, Ej+1) be random variables (s ∈ N). Then
k
(Ej+1)
n (xi1 , ..., xin) =
∑
pi∈NC(n)
( ∏
V=(v1,...,vk)∈pi
Ej
(
ϕj+1(xv1 ...xvk)
))
µ(pi, 1n),
for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N. 
Example 2.1. Let j = 2 and let x, y ∈ (A2, E2) be B-valued random variables.
Then, by the straightforward computation, we have that
k
(E2)
3 (x, x, y) = c
(3) (x⊗ x⊗ y)
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=
∑
pi∈NC(3)
E2 : pi (x, x, y)µ(pi, 13)
= E2(xxy) − E2(xx)E2(y)− E2 (xy)E2(x)
−E2(x)E2(xy) + E2(x)E2(x)E2(y)
= ϕ0ϕ1ϕ2 (xxy) − ϕ0ϕ1ϕ2(xx)ϕ0ϕ1ϕ2(y)− ϕ0ϕ1ϕ2 (xy)ϕ0ϕ1ϕ2(x)
−ϕ0ϕ1ϕ2(x)ϕ0ϕ1ϕ2(xy) + ϕ0ϕ1ϕ2(x) · ϕ0ϕ1ϕ2(x) · ϕ0ϕ1ϕ2(y)
= E1
(
ϕ2(x
2y)
)
− E1
(
ϕ2(x
2)
)
E1 (ϕ2(y))− E1 (ϕ2(xy))E1 (ϕ2(x))
−E1 (ϕ2(x))E1 (ϕ2(xy)) + E1 (ϕ2(x))E1 (ϕ2(x))E1 (ϕ2(y)) .
So, the above lemma and corollary are applied well in the above example. Here,
by the above corollary, we have the informal way how to find such E2-cumulant ;
(i) Consider the trivial A1-valued cumulant ;
k
(2) : t
3 (x, x, y) =
∑
pi∈NC(3)
ϕ̂2(pi) (x, x, y)µ(pi, 13)
= ϕ2
(
x2y
)
− ϕ2(x)ϕ2 (xy)− ϕ2 (xϕ2(x)y)
−ϕ2
(
x2
)
ϕ2(y) + ϕ2(x)ϕ2(x)ϕ2(y).
(ii) Ignore the insertion property and act E1 = ϕ0ϕ1. Then we can get that
k
(E2)
3 (x, x, y) = E1
(
ϕ2
(
x2y
))
− E1 (ϕ2(x))E1 (ϕ2 (xy))
−E1 (ϕ2 (xy))E1 (ϕ2(x))− E1
(
ϕ2(x
2)
)
E1 (ϕ2(y))
+E1 (ϕ2(x))E1 (ϕ2(x))E1 (ϕ2(y)).
Corollary 2.4. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Let Ej+1 = ϕ0ϕ1...ϕj+1 be a linear
functional on Aj+1, for all j. Let x ∈ (Aj+1, Ej+1) be a random varialbe. Then
k
(Ej+1)
n
x, ........, x︸ ︷︷ ︸
n−times
 = ∑
pi∈NC(n)
( ∏
V=(v1,...,vk)∈pi
Ej
(
ϕj+1(x
k)
))
µ(pi, 1n).

Now, we will observe the R-transform calculus for Ej+1. The results are came
from Chapter 1, [6] and [7] ;
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Proposition 2.5. (See [6] and [7]) Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Then, for any fixed j ∈ N, the following
R-transform calculus holds true ; suppose that x1, ..., xs, y1, ..., ys ∈ (Aj+1, Ej+1) are
random variables (s ∈ N) and assume that X = {x1, ..., xs} and Y = {y1, ..., ys}
are free. Then
(1) rx1,...,xs,y1,...,ys(z1, ..., z2s) = rx1,...,xs(z1, ..., zs) + ry1,...,ys(zs+1, ..., z2s).
(2) rx1+y1,...,xs+ys(z1, ..., zs) = (rx1,...,xs + ry1,...,ys) (z1, ..., zs). 
Proposition 2.6. (See [6] and [7]) Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂
ϕ2 A2 ⊂
ϕ3 A3 ⊂
ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Fix j ∈ N. Let (Aj+1, Ej+1) be a
NCPSpace over B, with a linear functional, Ej+1 = ϕ0ϕ1...ϕj+1 : Aj+1 → C
and let x1, ..., xs, y1, ..., ys ∈ (Aj+1, Ej+1) be B-valued random variables (s ∈ N). If
X = {x1, ..., xs} and Y = {y1, ..., ys} are free over B, then
k
(Ej+1)
n (xi1yi1 , ..., xinyin) =
∑
pi∈NC(n)
(
k
(Ej+1)
pi (xi1 , ..., xin)
)(
k
(Ej+1)
Kr(pi) (yi1 , ..., yin)
)
,
for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N. 
In the above proposition, k
(Ej+1)
pi (...) and k
(Ej+1)
Kr(pi) (...) are used as partition-dependent
Ej+1-cumulants, in the sense of Speicher and Nica (See [6] and [7]). The above re-
sult can be proved by [6] and [7]. Also, it can be proved by using the result in
Chapter 1.
Corollary 2.7. (See [6] and [7]) Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Fix j ∈ N. Let X = {x1, ..., xs} and
Y = {y1, ..., ys} be free subsets of random variables (s ∈ N) in a NCPSpace,
(Aj+1, Ej+1) . Then
rx1y1,...,xsys(z1, ..., zs) = (rx1,...,xs *s ry1,...,ys) (z1, ..., zs),
where *s : Θs ×Θs → Θs is a (scalar-valued) boxed convolution in the sense of
Nica and Speicher. 
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Define a conditional expectation
Ek, j : Aj → Ak−1,
by
Ek, j = ϕkϕk+1...ϕjϕj ,
for all k < j in N. Indeed, it is a conditional expectation, for the fixed k < j ;
(i) Let a ∈ Ak−1. Then
Ek, j(a) = ϕkϕk+1...ϕj−1
(
ϕj(a)
)
= ϕk...ϕj−1(a)
since a ∈ Ak−1 ⊂ Aj−1
= ... = ϕk(a) = a.
So,
Ek, j(a) = a, for all a ∈ Ak−1.
(ii) Let a, a′ ∈ Ak−1 and x ∈ Aj . Then
Ek, j(axa
′) = ϕkϕk+1...ϕj−1
(
ϕj(axa
′)
)
= ϕkϕk+1...ϕj−1
(
aϕj(x)a
′
)
= ϕk...ϕj−2
(
ϕj−1(aϕj(x)a
′)
)
= ϕk...ϕj−2
(
a · ϕj−1ϕj(x) · a
′
)
= ..... = a · ϕkϕk+1...ϕj(x) · a
′ = aEk, j(x)a
′.
Thus we have that
Ek, j (axa
′) = aEk, j(x)a
′, for all a, a′ ∈ Ak−1 and x ∈ Aj .
By (i) and (ii), Ek, j : Aj → Ak−1 is a conditional expectation (or a Ak−1-
functional on Aj). And hence (Aj , Ek, j) is a NCPSpace over Ak−1.We can observe
the following R-transform calculus, by Chapter 1 ; Defien, for Ak−1-valued random
variables x1, ..., xs in (Aj , Ek, j) ,
M
(Ek, j)
x1,...,xs(z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
Ek, j (xi1ai2xi2 ...ainxin) zi1 ...zin
and
R
(Ek , j)
x1,...,xs(z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
k
(Ek, j)
n (xi1 , ..., xin) zi1 ...zin ,
as the moment series of x1, ..., xs and the R-transform of x1, ..., xs, respectively,
in ΘsAk−1 . Here, the (i1, ..., in)-th cumulants of x1, .., xs are determined by
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k
(Ek, j)
n (xi1 , ..., xin) = c
(n)
Ek, j
(xi1 ⊗ ai2xi2 ⊗ ...⊗ ainxin) ,
where ai2 , ..., ain ∈ Ak−1 are arbitrary and ĉEk, j =
(
c
(m)
Ek, j
)∞
m=1
∈ Ic (Aj , Ak−1)
is the cumulant multiplicative bimodule map induced by a Ak−1-functional, Ek, j . A
trivial moment series of x1, ..., xs, denoted by M
(Ek, j) : t
x1,...,xs , and a trivial R-transform
of x1, ..., xs, denoted by R
(Ek, j) : t
x1,...,xs , are defined usually.
Proposition 2.8. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ ...Ak−1 ⊂ϕk Ak ⊂ ... ⊂ϕj Aj ⊂ϕj+1 · · ·
be a tower of amalgamated NCPSpaces. Fix k < j in N. Define a conditional
expectation Ek, j : Aj → Ak−1, where A0 = B. Let X = {x1, ..., xs} and Y =
{y1, ..., ys} be two subsets of Ak−1-valued random variables (s ∈ N) in (Aj , Ek, j) . If
X and Y are free over Ak−1, in (Aj , Ek, j) , then we have the following R-transform
calculus ;
(1) R
(Ek, j)
x1,...,xs,y1,...,ys(z1, ..., z2s) = R
(Ek, j)
x1,...,xs(z1, ..., zs) +R
(Ek, j)
y1,...,ys(zs+1, ..., z2s).
(2) R
(Ek, j)
x1+y1,...,xs+ys(z1, ..., zs) =
(
R
(Ek, j)
x1,...,xs +R
(Ek, j)
y1,...,ys
)
(z1, ..., zs).
(3) R
(Ek, j)
x1y1,...,xsys(z1, ..., zs) =
(
R
(Ek, j)
x1,...,xs *
(Ek, j)
Ak−1
R
(Ek, j)
y1,...,ys
)
(z1, ..., zs),
where *Ak−1 : ×
s
Ak−1
× ×sAk−1 → ×
s
Ak−1
is a Ak−1-valued boxed convolution on
×sAk−1 . 
Clearly, Ek, k = ϕk : Ak → Ak−1 is the Ak−1-functional.
Definition 2.3. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Define an enveloping algebra A∞ and a
linear functional E∞ : A∞ → C by
E∞(x) = Ej(x), for x ∈ Aj ⊂ A∞, for all j ∈ N.
We will say the NCPSpace, (A∞, E∞) , is the enveloping NCPSpace of the given
tower.
By definition, for any x ∈ AN and y ∈ AM and for all α, β ∈ C, we have that
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E∞ (αx+ βy) = αE∞(x) + βE∞(y) = αEN (x) + βEM (y),
where N,M ∈ N. Then above observation shows that there exits cumulants of
random variables in (A∞, E∞) as follows ;
Definition 2.4. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces and (A∞, E∞) an enveloping NCPSpace
of the tower. Let x1, ..., xs ∈ (A∞, E∞) be random variables (s ∈ N). Define
(i1, ..., in)-th cumulants of x1, ..., xs by
k
(E∞)
n (xi1 , ..., xin) =
∑
pi∈NC(n)
(E∞)pi (xi1 , ..., xin)µ(pi, 1n),
for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N, where k(E∞)n (...) and (E∞)pi(...) are scalar-
valued cumulants and partition-dependent moments in the sense of Speicher and
Nica.
Suppose that x, y ∈ (A∞, E∞) are random variables and assume that x ∈ Aj
and y ∈ Ak, for some j ≤ k ∈ N. Then
k
(E∞)
n (x, y, x) =
∑
pi∈NC(3)
(E∞)pi (x, y, x)µ(pi, 13)
= E∞(xyx)− E∞(x)E∞(yx)− E∞(xy)E∞(x)
−E∞ (xE∞(y)x) + E∞(x)E∞(y)E∞(x)
= E∞(xyx)− E∞(x)E∞(yx)− E∞(xy)E∞(x)
−E∞
(
x2
)
E∞(y) + E∞(x)E∞(y)E∞(x)
= Ek(xyx) − Ej(x)Ek(yx) − Ek(xy)Ej(x)
−Ej(x
2)Ek(y) + Ej(x)Ek(y)Ej(x).
Since j ≤ k and Aj ⊂
Ej,k Ak, a random variable in (A∞, E∞),
xyx ∈ Ak, xy ∈ Ak and yx ∈ Ak.
So, we can get the last equality, by definition of E∞.
Proposition 2.9. (See Chapter 1 or see [6] and [7]) Let B be a unital algebra and
let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
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be a tower of amalgamated NCPSpaces and (A∞, E∞), an enveloping NCPSpace
of this tower. Let X = {x1, ..., xs} and Y = {y1, ..., ys} be two free subsets of
(A∞, E∞), then
(2.9.1) r
(E∞)
x1,...,xsy1,...,ys(z1, ..., z2s) = r
(E∞)
x1,...,xs(z1, ..., zs) + r
(E∞)
y1,...,ys(zs+1, ..., z2s).
(2.9.2) r
(E∞)
x1+y1,...,xs+ys(z1, ..., zs) =
(
r
(E∞)
x1,...,xs + r
(E∞)
y1,...,ys
)
(z1, ..., zs).
(2.9.3) r
(E∞)
x1y1,...,xsys(z1, ..., zs) =
(
r
(E∞)
x1,...,xs * r
(E∞)
y1,...,ys
)
(z1, ..., zs),
where * : Θs ×Θs → Θs is the (scalar-valued) boxed convolution defined by Nica
and Speicher. 
Now, we will observe the freeness on (A∞, E∞), more in detail.
Theorem 2.10. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces and (A∞, E∞), an enveloping NCPSpace.
Let X = {x1, ..., xs} ⊂ ∪
k
j=1Aj and Y = {y1, ..., ys} ⊂ ∪
l
j=k+1Aj be subsets of
operators (s ∈ N), where k < l, in N. If X and Y are free in (Al, El), then (2.9.1),
(2.9.2) and (2.9.3) holds true in (A∞, E∞) . More precisely,
(1) r
(E∞)
x1,...,xs,y1,...,ys(z1, ..., z2s) = r
(Ek)
x1,...,xs(z1, ..., zs) + r
(El)
y1,...,ys(zs+1, ..., z2s).
(2) r
(E∞)
x1+y1,...,xs+ys(z1, ..., zs) =
(
r
(Ek)
x1,...,xs + r
(El)
y1,...,ys
)
(z1, ..., zs).
(3) r
(E∞)
x1y1,...,xsys(z1, ..., zs) =
(
r
(Ek)
x1,...,xs *C r
(El)
y1,...,ys
)
(z1, ..., zs).
Proof. We can regards X and Y in (A∞, E∞) as subsets of random variables in
(Al, El). We have that
r
(E∞)
x1,...,xs,y1,...,ys(z1, ..., z2s) = r
(El)
x1,...,xs,y1...,ys(z1, ..., z2s)
by definition of E∞
= r
(El)
x1,...,xs(z1, ..., zs) + r
(El)
y1,...,ys(zs+1, ..., z2s)
by the freeness of X and Y, in (Al, El)
= r
(Ek)
x1,...,xs(z1, ..., zs) + r
(El)
y1,...,ys(zs+1, ..., z2s)
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since El = ϕ0ϕ1...ϕkϕk+1...ϕl and X ⊂ (Ak, Ek). Similarly, we have that
r
(E∞)
x1+y1,...,xs+ys(z1, ..., zs) = r
(El)
x1+y1,...,xs+ys(z1, ..., zs)
=
(
r
(El)
x1,...,xs + r
(El)
y1,...,ys
)
(z1, ..., zs)
=
(
r
(Ek)
x1,...,xs + r
(El)
y1,...,ys
)
(z1, ..., zs).
Now, fix (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N. Notice that x1y1, ..., xsys can be regarded
as random variables in (Al, El). Consider the (i1, ..., in)-th coefficient of r
(E∞)
x1y1,...,xsys
;
coefi1,...,in
(
r
(E∞)
x1y1,...,xsys
)
= coefi1,...,in
(
r
(El)
x1y1,...,xsys
)
by the fact that xjyj ∈ Al, for all j and by the definition of E∞
= k
(El)
n (xi1yi1 , ..., xinyin)
=
∑
pi∈NC(n)
kpi (xi1 , ..., xin) kKr(pi) (yi1 , ..., yin)
by the freeness of X and Y in (Al, El), in the sense of Speicher and Nica (See
Chapter 1 or see [6] and [7])
= coefi1,...,in
(
r
(El)
x1,...,xs * r
(El)
y1,...,ys
)
= coefi1,...,in
(
r
(Ek)
x1,...,xs * r
(El)
y1,...,ys
)
,
since x1, ..., xs ∈ ∪
k
j=1Aj and El = Ekϕk+1...ϕl.
Corollary 2.11. Let B be a unital algebra and suppose that we have a tower of
amalgamated NCPSpaces, C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 ···. Let X and Y be subsets
in Ak. If X and Y are free in (Ak, Ek), then X and Y are free in (AN , EN ), for
all N > k. 
Remark 2.1. Suppose that we choose x1, ..., xs ∈ ∪
k
j=l+1Aj and y1, ..., ys ∈ ∪
l
j=1Aj ,
where k > l, in this time. Then we can get the same results as above, but it means
different.
Remark 2.2. If we take a sufficiently large N ∈ N, and if we replace ∞ to such
N, then we can get the same results as in the previous theorem.
More generally, we have that ;
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Theorem 2.12. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Fix a sufficiently large N ∈ N and
fix k < N . Consider the conditional expectation (or a Ak−1-functional), Ek, N :
AN → Ak−1. Let X = {x1, ..., xs} ⊂ ∪
m
j=kAj and Y = {y1, ..., ys} ⊂ ∪
n
j=m+1Aj
be two subsets, in (AN , Ek,N ) of Ak−1-valued random variables (s ∈ N), where
k < m < n < N. If X and Y are free over Ak−1, in (AN , Ek,N ), then
(1) R
(Ek,N )
x1,...,xs,y1,...,ys(z1, ..., z2s) = R
(Ek,m)
x1,...,xs(z1, ..., zs) +R
(Ek,n)
y1,...,ys(zs+1, ..., z2s).
(2) R
(Ek,N )
x1+y1,...,xs+ys(z1, ..., zs) =
(
R
(Ek,m)
x1,...,xs +R
(Ek,n)
y1,...,ys
)
(z1, ..., zs).
(3) R
(Ek,N )
x1y1,...,xsys(z1, ..., zs) =
(
R
(Ek,m)
x1,...,xs *Ak−1 R
(Ek,n) : t
y1,...,ys
)
(z1, ..., zs).
Proof. We can regardX and Y are subsets of AN and consider them as Ak−1-valued
random variables in (AN , Ek,N ). Since X and Y are free over Ak−1, we have that
R
(Ek,N )
x1,...,xs,y1,...,ys(z1, ..., z2s) = R
(Ek,N )
x1,...,xs(z1, ..., zs) +R
(Ek,N )
y1,...,ys(zs+1, ..., z2s)
Observe that
coefi1,...,in
(
R
(Ek,N )
x1,...,xs
)
= k
(Ek,N )
n (xi1 , ..., xin)
= c
(n)
Ek,N
(xi1 ⊗ ai2xi2 ⊗ ...⊗ ainxin)
=
∑
pi∈NC(n)
Êk,N (pi) (xi1 ⊗ ai2xi2 ⊗ ...⊗ ainxin)µ(pi, 1n)
=
∑
pi∈NC(n)
Êk,m(pi) (xi1 ⊗ ai2xi2 ⊗ ...⊗ ainxin) µ(pi, 1n),
since Ek,N = Ek,mϕm+1...ϕn...ϕN and xij ’s are in Am, where ai2 , ..., ain ∈ Ak−1
are arbitrary. Thus
coefi1,...,in
(
R
(Ek,N )
x1,...,xs
)
= coefi1,...,in
(
R
(Ek,m)
x1,...,xs
)
.
Similarly,
coefi1,...,in
(
R
(Ek,N )
y1,...,ys
)
= coefi1,...,in
(
R
(Ek,n)
y1,...,ys
)
.
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So, (1) is proved. By using the same idea, we can easily prove (2).
Now, fix (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N. Then
coefi1,...,ip
(
R
(Ek,N )
x1y1,...,xsys
)
= k
(Ek,N )
p
(
xi1yi1 , ..., xipyip
)
= c
(p)
Ek,N
(
xi1yi1 ⊗ ai2xi2yi2 ⊗ ...⊗ aipxipyip
)
=
∑
pi∈NC(p)
Êk,N (pi)
(
xi1yi1 ⊗ ai2xi2yi2 ⊗ ...⊗ aipxipyip
)
µ(pi, 1p)
=
∑
pi∈NC(p)
(
ĉEk,m ⊕ ĉEk,n
) (
xi1 ⊗ yi1 ⊗ ai2xi2 ⊗ yi2 ⊗ ...⊗ aipxip ⊗ yip
)
by the Ak−1-freeness of X and Y in (AN , Ek,N )
= coefi1,...,in
(
R
(En,m)
x1,...,xs *Ak−1 R
(Ek,n) : t
y1,...,ys
)
.
Therefore,
R
(Ek,N )
x1y1,...,xsys = R
(Ek,m)
x1,...,xs *B R
(Ek,n)
y1,...,ys .
Fix k ∈ N. We can define an enveloping NCPSpace over Ak−1, (A∞, Ek,∞) ,
where A∞ is an enveloping algebra of the tower and Ek,∞ : A∞ → Ak−1 is defined
by
Ek,∞(x)
def
= Ek, j(x), for all x ∈ Aj ,
where j > k.
Corollary 2.13. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Let X and Y be a two subsets of Ak. If
X and Y are free over Ak−1, in (Ak, Ek,k), then X and Y are free over Ak−1, in
(AN , Ek,N ), for all N > k, in N. 
Remark 2.3. Let (A∞, Ek,∞) be an enveloping NCPSpace over Ak−1. Then the
same results with the previous theorem holds true when we replace N by ∞.
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2.2. Distributions On a Tower of Algebras.
In this section, we will consider (scalar-valued or operator-valued) distributions
when the tower of amalgamated NCPSpaces is given. Throughout this section, we
let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Also, like in the previous section, we
will use the following notations ;
EN = ϕ0ϕ1...ϕN : AN → C, a linear functional.
For k < N,
Ek,N = ϕkϕk+1...ϕN : AN → Ak−1, a Ak−1-functional
with
E1,N : AN → B, a B-functional.
In the previous section, we considered the R-transform calculus of EN and Ek, N .
Also, when we consider the enveloping algebra of the given tower, A∞, we could
define a linear functional and Ak−1-functional, E∞ : A∞ → C and Ek,∞ : A∞ →
Ak−1, respectively. Also, R-transform calculus related to them are given in the
previous section. Define
∑
s = {σ : C[X1, ..., Xs]→ C : σ is a C-valued distribution}
and∑s
Ak−1
= {σ(Ak−1) : Ak−1[X1, ..., Xs]→ Ak−1 : σ
(Ak−1) is a Ak−1-functional},
for the fixed s ∈ N, where X1, ..., Xs are noncommutative indeterminents. If
σ ∈
∑
s, then there exists an arbitrary NCPSpace (A,ϕ) and random variables
x1, ..., xs ∈ (A,ϕ) such that
σ (P ) = ϕ (P (x1, ..., xs)) ∈ C, for all P ∈ C[X1, ..., Xs].
And if σ(Ak−1) ∈
∑s
Ak−1
, then there exsits an arbitrary NCPSpace over Ak−1,
(D,ψ), and Ak−1-valued random variables y1, ..., ys ∈ (D,ψ) such that
σ(Ak−1)(Q) = ψ (Q(y1, ..., ys)) ∈ Ak−1, for all Q ∈ Ak−1[X1, ..., Xs].
In particular, we denote such σ and σ(Ak−1) by
σx1,...,xs∈(A,ϕ) and σ
(Ak−1)
y1,...,ys∈(D,ψ)
,
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respectively. Notice that, for the given σ and σ(Ak−1), x1, ..., xs ∈ (A,ϕ) and
y1, ..., ys ∈ (D,ψ) are Not uniquely determined. So, we can regard them as equiv-
alence class under the identically-distributedness. i.e
σ = σx1,...,xs∈(A,ϕ) ∼ σx′1,...,x′s∈(A′,ϕ′)
⇐⇒ ϕ (P (x1, ..., xs)) = ϕ
′ (P (x′1, ..., x
′
s)) , ∀ P ∈ C[X1, ..., Xs]
and
σ(Ak−1) = σ
(Ak−1)
y1,...,ys∈(D,ψ)
∼ σ
(Ak−1)
y′
1
,...,y′s∈(D
′,ψ′)
⇐⇒ ψ (Q(y1, ..., ys)) = ψ
′ (Q(y′1, ..., y
′
s)) , ∀Q ∈ Ak−1[X1, ..., Xs].
Recall the definitions ;
the free additive convolution ⊞ :
∑
s×
∑
s →
∑
s,
the free multiplicative convolution ⊠ :
∑
s×
∑
s →
∑
s
and
the oprator-valued free additive convolution⊞Ak−1 :
∑s
Ak−1
×
∑s
Ak−1
→
∑s
Ak−1
.
(See [8] for ⊞ and ⊠. See [1] for ⊞Ak−1) Now, we will define the oprerator-valued
free multiplicative convolution of operator-valued distributions
⊠Ak−1 :
∑s
Ak−1
×
∑s
Ak−1
→
∑s
Ak−1
by
σ
(Ak−1)
y1,...,ys∈(D,ψ)
⊠Ak−1 σ
(Ak−1)
p1,...,ps∈(D′,ψ′)
= σ
(Ak−1)
y1p1,...,ysps∈(D∗Ak−1D′, ψ∗ψ
′)
,
where
(
D ∗Ak−1 D
′, ψ ∗ ψ
)
is the free product of (D,ψ) and (D′, ψ′), with amal-
gamation over Ak−1.
Rest of this section, we will consider the B-valued distributions depending on
our tower.
Proposition 2.14. Let σ ∈
∑
s and σ
(Ak−1) ∈
∑s
Ak−1
. Then
(1) σx1,...,xs∈(A∞,E∞) ⊞ σy1,...,ys∈(A∞,E∞) = σx1+y1,...,xs+ys∈(A∞,E∞).
(2) σ
(Ak−1)
x1,...,xs∈(A∞,Ek,∞)
⊞Ak−1 σ
(Ak−1)
y1,...,ys∈(A∞,Ek,∞)
= σ
(Ak−1)
x1+y1,...,xs+ys∈(A∞,Ek,∞)
.
(3) σx1,...,xs∈(Aj ,Ej) ⊞ σy1,...,ys∈(Ak,Ek) = σx1+y1,...,xs+ys∈(Ak,Ek), if j < k.
(4) σ
(Ak−1)
x1,...,xs∈(Ai, Ek,i)
⊞Ak−1 σ
(Ak−1)
y1,...,ys∈(Aj, Ek,j)
= σ
(Ak−1)
x1+y1,...,xs+ys∈(Aj ,Ek,j)
,
if K < i < j. 
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Proposition 2.15. Let σ ∈
∑
s and σ
(Ak−1) ∈
∑
Ak−1
. Then
(1) σx1,...,xs∈(A∞,E∞) ⊠ σy1,...,ys∈(A∞,E∞) = σx1y1,...,xsys∈(A∞,E∞).
(2) σ
(Ak−1)
x1,...,xs∈(A∞,Ek,∞)
⊠Ak−1 σ
(Ak−1)
y1,...,ys∈(A∞,Ek,∞)
= σ
(Ak−1)
x1y1,...,xsys∈(A∞,Ek,∞)
.
(3) σx1,...,xs∈(Ai,Ei) ⊠ σy1,...,ys∈(Aj ,Ej) = σx1y1,...,xsys∈(Aj,Ej), if i < j.
(4) σ
(Ak−1)
x1,...,xs∈(Ai,Ek,i)
⊠Ak−1 σ
(Ak−1)
y1,...,ys∈(Aj ,Ek,j)
= σ
(Ak−1)
x1y1,...,xsys∈(Aj , Ek,j)
,
if k < i < j.
Proof. Suppose that X = {x1, ..., xs} and Y = {y1, ..., ys} are two subsets of
(A∞, E∞) which are free. Then, there exists i, j ∈ N such that
X ⊂ ∪ml=1Al ⊆ Ai and Y ⊂ ∪
n
l=1Al ⊆ Aj .
Assume that m < n. Then {x1y1, ..., xsys} ⊂ (Aj , Ej). By freeness,
σx1,...,xs∈(Ai,Ei) ⊠ σy1,...,ys∈(Aj,Ej) = σx1y1,...,xsys∈(Aj ,Ej).
So, (1) and (3) are proved. Similarly, {x1y1, ..., xsys} ⊂ (Aj , Ek,j), if k < i < j.
So,
σ
(Ak−1)
x1,...,xs∈(Ai,Ek,i)
⊠Ak−1 σ
(Ak−1)
y1,...,ys∈(Aj,Ek, j)
= σ
(Ak−1)
x1y1,...,xsys∈(Aj ,Ek,j)
.
Therefore, we can prove (2) and (4).
Now, we will observe the following concept introduced in [18], so-called ”com-
patibility”. The R-transform theory, under this compatibility is studied in [12].
Definition 2.5. Let B be a unital algebra and A, an algebra over B. Let (A,ϕ) be a
NCPSpace and let (A,E) be a NCPSpace over B, with its B-functional E : A→ B.
We say that (A,ϕ) and (A,E) are compatible if
ϕ(x) = ϕ (E(x)) , for all x ∈ A.
As we can see in [12], even under the compatibility, to compute scalar-valued
R-transforms from the operator-valued R-transforms or operator-valued moment
series is complicated. But [12] provides the method.
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Theorem 2.16. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. Then, for any fixed k ∈ N, (AN , Ek,N )
and (AN , EN ) are compatible. In particular, if we have the enveloping algebra of
the tower, A∞, then (A∞, Ek,∞) and (A∞, E∞) are compatible, for all k.
Proof. Fix N ∈ N. By definition, we have that
EN (x) = ϕ0ϕ1...ϕN (x)
= (ϕ0ϕ1...ϕk−1)(ϕk...ϕN )(x)
= Ek−1 (Ek,N (x))
and
EN (Ek,N (x)) = (ϕ0ϕ1...ϕN ) (ϕk...ϕN (x))
= ϕ0ϕ1...ϕN (x) = Ek−1 (Ek,N (x)) ,
for all x ∈ AN . Therefore, for all x in AN ,
E∞(x) = EN (Ek,N (x)) .
The above theorem shows that our tower of amalgamated NCPSpaces has nice
compatible properties.
2.3. Compressed R-transform Theory For the Chain of Projections.
In this section, we will observe a tower of amalgamated NCPSpaces, generated
by a chain of projections (pn)
∞
n=1 of a NCPSpace (A,ϕ). The B-valued R-transform
theory of compressed algebras (i.e, B ⊂ pAp, where p ∈ A is a projection) and B-
valued freeness of them are studied in [10]. Also, by [35], there is the compatibility
of (Ak ⊂ A, Ek+1,∞ ) and (A, Ek ◦ Ek+1,∞). It is possible that there are only
finitely many projections in the given chain (for example, an algebra A can be a
finite dimensional algebra over a finite dimensional algebra B).
Definition 2.6. Let A be a unital algebra. A nonzero element p ∈ A \ {0A} is
called a projection (or an idempotent element) if p satisfies
p2 = p.
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By Apro, we will denote a subset of all projections in an algebra, A. It is said
that (pn)
∞
n=1 ⊂ Apro is a chain of projections if
C ⊂ p1Ap1 ⊂ p2Ap2 ⊂ p3Ap3 ⊂ · · ·
is a tower of compressed subalgebras of A satisfying the property that pjApj are
subalgebras of pj+1Apj+1, for all j ∈ N. For the convinience of using notation,
we will denote maximal projection in a chain of projections (pn)
∞
n=1, by p∞. If the
given chain (pn)
∞
n=1 is a finite sequence, then p∞ = pN , for some N ∈ N.
Lemma 2.17. Let A be a unital algebra and let p ∈ Apro. Then px = xp, for all
x ∈ pAp.
Proof. Let x ∈ pAp. Then there exists an element a ∈ A such that x = pap. Then
px = p(pap) = p2ap = pap = x
and
xp = (pap)p = pap2 = pap = x.
Lemma 2.18. Let A be a unital algebra and let p, q ∈ Apro satisfying that pAp is
a subalgebra of qAq. Then pq = qp = p.
Proof. By assumption, pAp ⊂ qAq. Let x ∈ pAp. Then, by the previous lemma,
xq = qx.
Since p ∈ pAp, we can get that
pq = qp.
Now, observe that
pq = p3q = p
(
p2q
)
= p (p(pq)) = p (pqp) = p
since pAp ⊂ qAq.
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Corollary 2.19. Let B be a unital algebra and A, an algebra over B. Let (pn)
∞
n=1 ⊂
Apro be a chain of projections. Then, for any fixed j < N ∈ N, (pjpj+1...pN )A (pjpj+1...pN ) =
pjApj .
Proof. By the previous lemmas, we have that
(pjpj+1...pN )A (pjpj+1...pN ) = pjpj+1...pNApN ...pj+1pj
= pjpj+1... (pNApN ) ...pj+1pj
= pj... (pN−1ApN−1) ...pj
= pjApj .
Definition 2.7. Let B be a unital algebra and A, an algebra over B. Let (A,ϕ)
be a NCPSpace over B, with its B-functional ϕ : A → B. Suppose that we have a
chain of projections (pk)
∞
k=1 ⊂ Apro satisfying
C ⊂ϕ0 B ⊂ p1Ap1 ⊂ p2Ap2 ⊂ .... ⊂ p∞Ap∞ ⊂ A.
and
ϕ(pk)
denote
= αk · 1B ∈ C · 1B, for all k ∈ N.
(It is possible that this sequence of projections is a finite sequence, i.e, p∞ =
pN , for some N) We will call such chains of projections, scalar-valued chains of
projections.
Suppose that we have a scalar-valued chain of projections (pk)
∞
k=1 ⊂ Apro. We
can naturally define conditional expectations
ϕj+1 : pj+1Apj+1 → pjApj
by
ϕj+1 (pj+1apj+1)
def
= pjapj,
for all a ∈ A, j ∈ N. Notice that, by the previous lemmas,
ϕj+1 (pj+1apj+1) = pj (pj+1apj+1) pj
= pjpj+1apj+1pj
= (pjpj+1) a (pjpj+1)
= pjapj,
for all a ∈ A. i.e,
ϕj+1(x) = pjxpj , for all x ∈ pj+1Apj+1,
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for all j ∈ N.
Hence we can have a tower of amalgamated NCPSpaces induced by a scalar-
valued chain of projections, (pk)
∞
k=1 ⊂ Apro,
C ⊂ϕ0 B ⊂ϕ1 p1Ap1 ⊂ϕ2 p2Ap2 ⊂ϕ3 · · ·,
where a linear functional ϕ0 : B → C is arbitrary given.
Let B be a unital algebra and (A,ϕ), a NCPSpace over B. Suppose that we have
a tower of amalgamated NCPSpaces induced by a scalar-valued chain of projections
(pk)
∞
k=1 ⊂ Apro and the given linear functional ϕ0 : B → C. If we define a map
Ej+1 : pj+1Apj+1 → C
by
Ej+1(x) =
1
αj+1
· ϕ0ϕ1...ϕj+1(x), for all x ∈ Aj+1,
then it is a well-defined linear functional. Recall that αj+1 is the scalar-part of
ϕ(pj+1).
Now, we will introduce compressed R-transform theory in [10] ; Let B be a
unital algebra and (A,ϕ), a NCPSpace over B, with its B-functional ϕ : A → B.
Let p ∈ Apro such that
B ⊂ pAp ⊂ A
and
ϕ(p)
denote
= b0 ∈ CA(B) ∩Binv.
Note that if we have a scalar-valued chain of projections (pk)
∞
k=1 ⊂ Apro, then
every pj satisfies
ϕ(pj) = αj · 1B ∈ CA(B) ∩Binv,
for all j ∈ N and αj ∈ C.
We can define the conditional expectation
ϕp
def
= b−10 · ϕ |pAp: pAp→ B.
So, we can define a NCPSpace over B,
(
pAp, ϕp
)
and we call it a compressed
NCPSpace by p ∈ Apro. In [10], we observed the amalgamated R-transform theory
on this compressed NCPSpace over B.
Definition 2.8. Let B be a unital algebra and b ∈ B. Let (A,ϕ) be a NCPSpace over
B. Define a symmetric cumulants of B-valued random variables x1, ..., xs ∈ (A,ϕ)
by
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k
symm(b)
n (xi1 , ..., xin) = c
(n) (xi1 ⊗ bxi2 ⊗ ...⊗ bxin) ,
for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N. Then we can define the symmetric R-
transform of x1, ..., xs, by b ∈ B, by
R
symm(b)
x1,...,xs (z1, ..., zs) =
∑∞
n=1
∑
i1,...,in∈{1,...,s}
k
symm(b)
n (xi1 , ..., xin) zi1 ...zin ,
as a B-formal series in ΘsB.
Theorem 2.20. (See Theorem 2.1 in [10]) Let (A,ϕ), p ∈ Apro and b0 ∈ B be
given as before. Let x1, ..., xs ∈ (A,ϕ) be B-valued random variables (s ∈ N) and
assume that {p} and {x1, ..., xs} are free over B. Then
R
(ϕp) : t
px1p,...,pxsp(z1, ..., zs) = R
symm(b0)
x1,...,xs (z1, ..., zs)
Proof. Fix n ∈ N and (i1, ..., in) ∈ {1, ..., s}n. Then
coefi1,...,in
(
R
(ϕp) : t
px1p,...,pxsp
)
= c
(n)
ϕp (pxi1p⊗ pxi2p⊗ ...⊗ pxinp)
=
∑
pi∈NC(n)
ϕ̂p(pi) (pxi1p⊗ ...⊗ pxinp)µ(pi, 1n)
=
∑
pi∈NC(n)
b̂−10 ϕ (pi) (pxi1p⊗ ...⊗ pxinp)µ(pi, 1n)
(2.20.1)
=
∑
pi∈NC′(n+1)
b−10 ϕ̂p (pi) (p⊗ xi1p⊗ xi2p⊗ ...⊗ xinp)µ(pi, 1n+1),
where NC′(n + 1) = {θ ∈ NC(n + 1) : (1) ∈ θ} which is lattice-isomorphic to
NC(n). By the B-freeness of {p} and {x1, ..., xs}, we have that (2.20.1) is equivalent
to (2.20.2) (For this squivalence, see the proof of Theorem 2.1 in [10]) ;
(2.20.2)
∑
pi∈NC′(n+1)
b−10 · ĉϕ (pi ∪Kr(pi)) (1B ⊗ p⊗ xi1 ⊗ p⊗ ...⊗ xin ⊗ p)
=
∑
pi∈NC′(n+1)
b−10 · ĉϕ (pi) (1B ⊗ xi1 ⊗ ...⊗ xin) · ĉϕp(Kr(pi)) (p⊗ ...⊗ p)
since p is B-central, in the sense of [9]
=
∑
pi∈NC′(n+1)
b−10 · ĉϕ(pi) (1B ⊗ xi1 ⊗ ...⊗ xin) b
|Kr(pi)|
0
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=
∑
pi∈NC′(n+1)
b−10 · ĉϕ(pi) (1B ⊗ xi1 ⊗ ...⊗ xin) b
(n+1)−|pi|
0 ,
since |pi|+|Kr(pi)| = n+1, for all pi ∈ NC(n). (Notice thatNC′(n+1) = NC(n).)
Therefore,
k
(ϕp) : t
n (pxi1p, ..., pxinp) = k
(ϕ) : symm(b0)
n (xi1 , ..., xin) .
Remark that p ∈ Apro commutes with B. Since b = pbp, we have that
pb = p(pbp) = p2bp = pbp = pbp2 = (pbp)p = bp,
for all b ∈ B. i.e, p ∈ (A,ϕ) is B-central, in the sense of [9].
Let (pk)
∞
k=1 ⊂ Apro be a scalar-valued chain of projections in (A,ϕ). Then each
pj ∈ Apro satisfies ϕ(pj) = αj · 1B, for some αj ∈ C. Therefore, each ϕ(pj) ∈
CAj (Aj−1) ∩ (Aj−1)inv, for all j ∈ N, with A0 = B.
Corollary 2.21. Let B be a unital algebra and (A,ϕ), a NCPSpace over B. Let
x1, ..., xs ∈ (A,ϕ) be B-valued random variables (s ∈ N). Suppose that we have
p ∈ Apro such that B ⊂ pAp ⊂ A and ϕ(p)
denote
= b0 ∈ CA(B) ∩ Binv. If {p} and
{x1, ..., xs} are free over B, then
k
(ϕp)
n (pxi1p, ..., pxinp) := c
(n)
ϕp (pxi1p⊗ bi2(pxi2p)⊗ ...⊗ bin(pxinp))
= c
(n)
ϕ (xi1 ⊗ b0bi2xi2 ⊗ ...⊗ b0binxin) ,
for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N, where bi2 , ..., bin ∈ B are arbitrary.
Proof. The proof is similar to the proof of the previous theorem. Fix n ∈ N and
(i1, ..., in) ∈ {1, ..., s}
n. Observe that
k
(ϕp)
n (pxi1p, ..., pxinp) = c
(n)
ϕp (pxi1p⊗ bi2pxi2p⊗ ...⊗ pbinxinp)
where bi2 , ..., bin ∈ B are arbitrary. Since pbijp = bij , we have that
pbij = p
(
pbijp
)
= p2bijp = pbijp = pbijp
2 = (pbijp)p = bijp,
for all j = 1, ..., n. So, we have that
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k
(ϕp)
n (pxi1p, ..., pxinp) = c
(n)
ϕp
(
pxi1p⊗ px
′
i2
p⊗ ...⊗ px′inp
)
,
where x′ij = bijxij , for all j = 1, ..., n. Similar to the proof of the previous
theorem, we have that
c
(n)
ϕp
(
pxi1p⊗ px
′
i2
p⊗ ...⊗ px′inp
)
= c
(n)
ϕ
(
xi1 ⊗ b0x
′
i2
⊗ ...⊗ b0x
′
in
)
,
where b0 = ϕ(p) ∈ CA(B) ∩Binv. Therefore,
k
(ϕp)
n (xi1 , ..., xin) = c
(n)
ϕ
(
xi1 ⊗ b0x
′
i2
⊗ ...⊗ b0x
′
in
)
.
By the previous corollary, we can get the following theorem ;
Theorem 2.22. (Also see Theorem 2.5 and Corollary 2.7 in [10]) Let B be a
unital algebra and let (A,ϕ) be a NCPSpace over B. Let p ∈ Apro satisfy ϕ(p) ∈
CA(B)∩Binv and suppose that X = {x1, ..., xs} and Y = {y1, ..., ys} are two subsets
of B-valued random variables in (A,ϕ). Assume that {p} and X ∪ Y are free over
B, in (A,ϕ). If X and Y are free over B, in (A,ϕ), then pXp and pY p are free
over B, in
(
pAp, ϕp
)
.
Proof. Suppose that {p} and X∪Y are free over B. Then, by the previous corollary,
we can get that
k
(ϕp)
n (ai1 , ..., ain) = c
(n)
ϕp (pai1p⊗ bi2pai2p⊗ ...⊗ binpainp)
= c
(n)
ϕp (pai1p⊗ pbi2ai2p⊗ ...⊗ pbinainp)
(2.22.1)
= c
(n)
ϕ (ai1 ⊗ b0(bi2ai2)⊗ ...⊗ b0(binain))
where b0 = ϕ(p) ∈ CA(B) ∩ Binv, bi2 , ..., bin ∈ B are arbitrary and where
ai1 , ..., ain ∈ X ∪ Y. We can rewrite (2.22.1) as
(2.22.2) c
(n)
ϕ
(
ai1 ⊗ b
′
i2
ai2 ⊗ ...⊗ b
′
in
ain
)
,
where b′i2 , ..., b
′
in
∈ B are arbitrary such that b′ij = b0bij , for all j = 1, ..., n. Since
X and Y are free over B, in (A,ϕ), we have that
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(2.22.2) =

c
(n)
ϕ
(
xi1 ⊗ b
′
i2
xi2 ⊗ ...⊗ b
′
in
xin
)
or
c
(n)
ϕ
(
yi1 ⊗ b
′
i2
yi2 ⊗ ...⊗ b
′
in
yin
)
.
=

k
(ϕp)
n (pxi1p, ..., pxinp) or
k
(ϕp)
n (pyi1p, ..., pyinp) .
Therefore, pXp and pY p are also free over B, in
(
pAp, ϕp
)
.
Corollary 2.23. Let B be a unital algebra and (A,ϕ), a NCPSpace over B. Let
X = {x1, ..., xs} and Y = {y1, ..., ys} be subsets of B-valued random variables in
(A,ϕ). Assume that X and Y are free over B, in (A,ϕ). Now, let p ∈ Apro such
that {p} and X∪Y are free over B, in (A,ϕ). By b0 ∈ CA(B)∩Binv , we will denote
ϕ(p) ∈ CA(B) ∩Binv. Then
(1) R
(ϕp) : t
px1p,...,pxsp(z1, ..., zs) = R
(ϕ) : symm(b0)
x1,...,xs (z1, ..., zs) and
R
(ϕp)
px1p,...,pxsp(z1, ..., zs)
=
∑∞
n=1
∑
i1,...,in∈{1,...,s}
c
(n)
ϕ (xi1 ⊗ b0bi2xi2 ⊗ ...⊗ b0binxin) zi1 ...zin ,
where bi2 , ..., bin ∈ B are arbitrary.
(2) R
(ϕp)
px1p,...,pxsp,py1p,...,pysp(z1, ..., z2s)
= R
(ϕp)
px1p,...,pxsp(z1, ..., zs) +R
(ϕp)
py1p,...,pysp(zs+1, ..., z2s).
(3) R
(ϕp)
px1p+py1p,...,pxsp+py1p(z1, ..., zs)
=
(
R
(ϕp)
px1p,...,pxsp +R
(ϕp)
py1p,...,pysp
)
(z1, ..., zs).
(4) R
(ϕp)
(px1p)(py1p),...(pxsp)(pysp)
(z1, ..., zs)
=
(
R
(ϕp)
px1p,...,pxsp *B R
(ϕp) : t
py1p,...,pysp
)
(z1, ..., zs)
=
(
R
(ϕp)
px1p,...,pxsp *B R
(ϕ) : t
y1,...,ys
)
(z1, ..., zs)
Proof. (1), (2) and (3) are proved in the previous theorems and corollary. Since
pXp and pY p are free over B, in
(
pAp, ϕp
)
, we have that
R
(ϕp)
(px1p)(py1p),...,(pxsp)(pysp)
= R
(ϕp)
px1p,...,pxsp *B R
(ϕp)
py1p,...,pysp.
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Also, we can get the following result ; now, fix n ∈ N and (i1, ..., in) ∈ {1, ..., s}n.
coefi1,...,in
(
R
(ϕp)
(px1p)(py1p),...,(pxsp)(py1p)
)
= c
(n)
ϕp (pxi1yi1p⊗ bi2pxi2yi2p⊗ ...⊗ binpxinyinp) ,
since (pxijp)(pyijp) = pxijp
2yijp = pxijpyijp = pxijyijp, for all j = 1, ..., n,
where bi2 , ..., bin ∈ B are arbitrary
= c
(n)
ϕ (xi1yi1 ⊗ b0bi2xi2yi2 ⊗ ...⊗ b0binxinyin)
= c
(n)
ϕ
(
xi1yi1 ⊗ b
′
i2
xi2yi2 ⊗ ...⊗ b
′
in
xinyin
)
where b′ij = b0bij ∈ B, for all j = 1, ..., n
=
∑
pi∈NC(n)
ĉϕ (pi ∪Kr(pi))
(
xi1 ⊗ yi1 ⊗ b
′
i2
xi2 ⊗ yi2 ⊗ ...⊗ b
′
in
xin ⊗ yin
)
by the freeness of {x1, ..., xs} and {y1, ..., ys}. So,
coefi1,..,in
(
R
(ϕp)
(px1p)(py1p),...,(pxsp)(pysp)
)
= coefi1,...,in
(
R
(ϕp)
px1p,...,pxsp *B R
(ϕ) : t
y1,...,ys
)
.
Notations Let B be a unital algebra and (A,ϕ), a NCPSpace over
B. Now consider the following tower of amalgamated NCPSpaces,
C ⊂ϕ0 B ⊂ϕ1 p1Ap1 ⊂ϕ2 p2Ap2 ⊂ϕ3 · · ·,
induced by a scalar-valued chain of projections in A, (pk)
∞
k=1 ⊂
Apro, satisfying ϕ(pk) = αk · 1B ∈ CA(B)∩Binv, ∀k, and the given
linear functional ϕ0 : B → C. As we defined before,
ϕj+1(pj+1apj+1) = pjapj, for each j ∈ N, for all a ∈ A.
As in Section 2.1, we can apply the R-transform theory on a tower of amal-
gamated NCPSpaces to this compressed amalgamated NCPSpaces induced by a
scalar-valued chain of projections (pk)
∞
k=1 ⊂ Apro and the given linear functional
ϕ0.
Theorem 2.24. Let B be a unital algebra and (A,ϕ), a NCPSpace over B. Let
(pk)
∞
k=1 ⊂ Apro be a scalar-valued chain of projections. Consider the tower of
amalgamated NCPSpaces induced by the chain of projections (pk)
∞
k=1 and a linear
functional ϕ0 : B → C. Then, for any j ∈ N, if two subsets of B-valued random
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variables X and Y are free over B, in (A,ϕ), and if p∞ and X ∪ Y are free over
B, in (A,ϕ), then pjXpj and pjY pj are free over B, in
(
pjApj ,
1
α1
·E1, j
)
. 
Notice that
1
α1
= 1
E1, j(p1...pj)
= 1
E1, j(p1)
= 1
ϕ1...ϕj(p1)
= 1
ϕ1(p1)
= 1
ϕ(p1)
.
As an application of of the above theorem, we can get the following R-transform
calculus ;
Theorem 2.25. Let B be a unital algebra and (A,ϕ), a NCPSpace over B. Let
(pk)
∞
k=1 ⊂ Apro be a scalar-valued chain of projections. Suppose that we have a
tower of amalgamated NCPSpaces induced by the chain of projections and a linear
functional ϕ0 : B → C. Let X = {x1, ..., xs} and Y = {y1, ..., ys} be two B-free
subsets in (A,ϕ). If p∞ and X ∪ Y are free over B, in (A,ϕ), then, for any fixed
j ∈ N, we have that
(1) R
( 1
α1
E1, j)
pjx1pj ,...,pjxspj ,pjy1pj ,...,pjyspj (z1, ..., z2s)
= R
( 1
α1
E1, j)
pjx1pj ,...,pjxspj (z1, ..., zs) +R
( 1
α1
E1, j)
pjypj ,...,pjyspj (zs+1, ..., z2s).
(2) R
( 1
α1
E1, j)
pjx1pj+pjy1pj ,...,pjxspj+pjyspj (z1, ..., z2s)
= R
( 1
α1
E1, j)
pjx1pj ,...,pjxspj (z1, ..., zs) +R
( 1
α1
E1, j)
pjypj ,...,pjyspj (z1, ..., zs).
(3) R
( 1
α1
E1, j)
(pjx1pj)(pjy1pj),...,(pjxspj)(pjyspj)
(z1, ..., zs)
=
(
R
( 1
α1
E1, j)
pjx1pj ,...,pjxspj *B R
( 1
α1
E1,j) : t
pjy1pj ,...,pjyspj
)
(z1, ..., zs)
=
(
R
( 1
α1
E1, j)
pjx1pj ,...,pjxspj *B R
(ϕ) : t
y1 , . . . ,ys
)
(z1, ..., zs).

By using the same idea of the previous two theorems, we have that ;
Theorem 2.26. Let B be a unital algebra and (A,ϕ), a NCPSpace over B. Let
(pk)
∞
k=1 ⊂ Apro be a scalar-valued chain of projections. Consider the tower of
amalgamated NCPSpaces induced by the chain of projections (pk)
∞
k=1 and a linear
functional ϕ0 : B → C. Then, for any k < j ∈ N, if two subsets of B-valued random
variables X and Y are free over Ak, in (A,ϕ), then pjXpj and pjY pj are free over
B, in
(
pjApj ,
1
αk+1
· Ek+1, j
)
. 
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Theorem 2.27. Let B be a unital algebra and (A,ϕ), a NCPSpace over B. Let
(pk)
∞
k=1 ⊂ Apro be a scalar-valued chain of projections. Suppose that we have a
tower of amalgamated NCPSpaces induced by the chain of projections and a linear
functional ϕ0 : B → C. Let X = {x1, ..., xs} and Y = {y1, ..., ys} be two Ak-free
subsets in (A,ϕ). Then, for any fixed k < j ∈ N, we have that
(1) R
( 1
αk+1
Ek+1, j)
pjx1pj ,...,pjxspj ,pjy1pj ,...,pjyspj (z1, ..., z2s)
= R
( 1
αk+1
Ek+1, j)
pjx1pj ,...,pjxspj (z1, ..., zs) +R
( 1
αk+1
Ek+1, j)
pjypj ,...,pjyspj (zs+1, ..., z2s).
(2) R
( 1
αk+1
Ek+1, j)
pjx1pj+pjy1pj ,...,pjxspj+pjyspj (z1, ..., z2s)
= R
( 1
αk+1
Ek+1, j)
pjx1pj ,...,pjxspj (z1, ..., zs) +R
( 1
αk+1
Ek+1, j)
pjypj ,...,pjyspj (z1, ..., zs).
(3) R
( 1
αk+1
Ek+1, j)
(pjx1pj)(pjy1pj),...,(pjxspj)(pjyspj)
(z1, ..., zs)
=
(
R
( 1
αk+1
Ek+1, j)
pjx1pj ,...,pjxspj *B R
( 1
αk+1
Ek+1,j) : t
pjy1pj ,...,pjyspj
)
(z1, ..., zs)
=
(
R
( 1
αk+1
Ek+1, j)
pjx1pj ,...,pjxspj *B R
(ϕ) : t
y1 , . . . ,ys
)
(z1, ..., zs).

3. Compatibility of towers of Amalgamated Noncommutative
Probability Spaces
Throughout this chapter, we will consider the tower of amalgamated NCPSpaces,
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ · · ·.
In this chapter, we will consider the compatibility of amalgamated NCPSpaces.
Definition 3.1. Let (A,ϕ) be a NCPSpace over B and let (A,ϕ0) be a NCPSpace
(over C). We say that (A,ϕ) and (A,ϕ0) are compatible if
ϕ0(x) = ϕ0 (ϕ(x)) , for all x ∈ A.
Now let D be a unital subalgebra of A such that 1D = 1A(= 1B) and assume
that there is a conditional expectation ϕ′ : A→ D and hence we have a NCPSpace
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over D, (A,ϕ′). (i.e, B ⊂ D ⊂ A.) We say that two amalgamated NCPSpaces
(A,ϕ′ : A→ D) and (A,ϕ : A→ B) are compatible if
ϕ(x) = ϕ (ϕ′(x)) , for all x ∈ A.
Proposition 3.1. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 · · ·
be a tower of amalgamated NCPSpaces. Then, for any fixed j ∈ N,
(
Aj+1, ϕj+1
)
and
(
Aj+1, ϕjϕj+1
)
are compatible.
Proof. For any x ∈ Aj+1, we have that
ϕjϕj+1(x) = ϕjϕ
2
j+1(x) = ϕjϕj+1
(
ϕj+1(x)
)
,
since ϕ2j+1(x) = ϕj+1
(
ϕj+1(x)
)
= ϕj+1(x).
In general, we can get the following facts ;
Theorem 3.2. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
be a tower of amalgamated NCPSpaces. For any fixed k < i < j in N, (Aj , Ei, j)
and (Aj , Ek, j) are compatible.
Proof. For any x ∈ Aj , we have that
Ek, j(x) = ϕk...ϕi...ϕj(x) = ϕk...ϕi−1
(
ϕi...ϕj(x)
)
= Ek, i−1 (Ei, j(x)) = Ek, i−1
(
E2i, j(x)
)
since Ei, j : Aj → Ai−1 is a conditional expectation
= Ek, i−1Ei, j (Ei, j(x)) = Ek, j (Ei, j(x)) .
Therefore,
Ek, j(x) = Ek, j (Ei, j(x)) ∈ Ak−1, for all x ∈ Aj .
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Theorem 3.3. Let B be a unital algebra and suppose that we have a tower of
amalgamated NCPSpaces as before. Then, for any fixed k < j in N, (Aj , Ej) and
(Aj , Ek, j) are compatible.
Proof. For any x ∈ Aj , we have that
Ej(x) = ϕ0ϕ1..ϕk...ϕj(x) = Ek−1 (Ek, j(x))
= Ek−1
(
E2k, j(x)
)
= Ek−1Ek, j (Ek, j(x))
= Ej (Ek, j(x)) ∈ C.
The above two theorems shows us that we can freely use the compatibility on
the tower.
Lemma 3.4. (See [18] and [12]) Let B be a unital algebra and A, an algebra over
B. Suppose a NCPSpace (A,ϕ0) and a NCPSpace over B, (A,ϕ) are compatible.
Let x1, ..., xs ∈ A be operators such that {x1, ..., xs} and B are free in (A,ϕ0). Then
k
(ϕ)
n (xi1 , ..., xin) = c
(n) (xi1 ⊗ bi2xi2 ⊗ ...⊗ binxin)
= (ϕ0(bi2)...ϕ0(bin)) · k
(ϕ0)
n (xi1 , ..., xin) · 1B,
in B, where k
(ϕ0)
n (...) is the scalar-valued cumulants of x1, ..., xs, in the sense
of Speicher and Nica, and where bi2 , ..., bin ∈ B are arbitrary, for all (i1, ..., in) ∈
{1, ..., s}n, n ∈ N. 
In the above lemma, k
(ϕ0)
n (...) is our k
(ϕ0) : t
n (...). (See Chapter 1 and [6], [7])
Proposition 3.5. Let B be a unital algebra and let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 · · ·
be a tower of amalgamated NCPSpaces. Fix k < j ∈ N. Suppose that X =
{x1, ..., xs}, Y = {y1, ..., ys} ⊂ Aj+1 are two subsets of operators and assume that
X ∪Y is free from Ak, in (Aj+1, Ej+1) . If X and Y are free in (Aj+1, Ej+1) , then
X and Y are free over Ak, in (Aj+1, Ek+1, j+1) .
Proof. Now take the following (sub)tower of the given tower
C ⊂Ek Ak ⊂Ek+1, j+1 Aj+1.
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Then, by the previous theorems, (Aj+1, Ej+1) and (Aj+1, Ek+1, j+1) are com-
patible. By hypothesis, for any p1, ..., pn ∈ X ∪ Y, we have that
k
(Ek+1, j+1)
n (p1, ..., pn) = c
(n)
Ek+1, j+1
(p1 ⊗ b2p2 ⊗ ...⊗ bnpn)
where b2, ..., bn ∈ B are arbitrary
(3.5.1) = (Ej+1(b2) · · ·Ej+1(bn)) · k
(Ej+1)
n (p1, ..., pn) · 1B,
by the previous lemma, where k
(Ej+1)
n (...) is the scalar-valued cumulant, in the
sense of Speicher and Nica. By the freeness of X and Y in (Aj+1, Ej+1) , (3.5.1)
goes to
=

(Ej+1(b2) · · · Ej+1(bn)) · k
(Ej+1)
n (xi1 , ..., xin) · 1B or
(Ej+1(b2) · · · Ej+1(bn)) · k
(Ej+1)
n (yi1 , ..., yin) · 1B
=

k
(ϕ)
n (xi1 , ..., xin) or
k
(ϕ)
n (yi1 , ..., yin),
for all (i1, ..., in) ∈ {1, ..., s}
n, n ∈ N. Therefore, X and Y are free over Ak, in
(Aj+1, Ek+1, j+1) .
Proposition 3.6. Let B be a unital algebra and suppose that we have a tower
of amalgamated NCPSpaces as before. Fix k < j in N. Let X = {x1, ..., xs} and
Y = {y1, ..., ys} be two subsets of operators in Aj+1. Assume that X ∪ Y is free
from Ak in (Aj+1, Ej+1) . If X and Y are free in (Aj+1, Ej+1) , then
(1) R
(Ek+1, j )
x1,...,xs,y1,...,ys(z1, ..., zs) = R
(Ek+1, j)
x1,...,xs (z1, ..., zs) +R
(Ek+1, j)
y1,...,ys (zs+1, ..., z2s).
(2) R
(Ek+1, j)
x1+y1,...,xs+ys(z1, ..., zs) =
(
R
(Ek+1, j)
x1,...,xs +R
(Ek+1, j)
y1,...,ys
)
(z1,..., zs).
(3) R
(Ek+1, j)
x1y1,...,xsys(z1, ..., zs) =
(
R
(Ek+1, j)
x1,...,xs *Ak R
(Ek+1, j)
y1,...,ys
)
(z1, ..., zs).
(Recall that Ek+1, k+1 = ϕk+1 : Ak+1 → Ak, for all k.)
Proof. Remember that (Aj+1, Ej+1) and (Aj+1, Ek+1, j) are compatible, for any
k < j in N. Since X ∪ Y and Ak are free in (Aj+1, Ej+1) , if X and Y are free in
(Aj+1, Ej+1) , then X and Y are free over Ak, in (Aj+1, Ek+1, j ) , by the previous
proposition.
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4. Ladders of Amalgamated Noncommutative Probability Spaces
In this chapter, we will consider new algebraic structure, so-called a ladder
of amalgamated NCPSpaces. Suppose that we have two towers of amalgamated
NCPSpaces,
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 A4 ⊂ϕ5 · · ·
and
C ⊂ϕ
′
0 B′ ⊂ϕ
′
1 A′1 ⊂
ϕ′2 A′2 ⊂
ϕ′3 A′3 ⊂
ϕ′4 A′4 ⊂
ϕ′5 · · ·.
Assume that there is a relation between this two towers ;
A′j ⊂ Aj is a subalgebra, for all j ∈ N ∪ {0},
with 1A′j = 1Aj , where A
′
0 = B
′ and A0 = B. Then, for any k, we have the
following square as a part of the ladder,
Ak ⊂
Ek+1, j Aj
∪ik ∪ij
A′k ⊂
E′k+1, j A′j ,
where E′k+1, j = ϕk+1...ϕj |A′j : A
′
j → A
′
k is a conditional expectation and ik :
Ak → A
′
k, ij : Aj → A
′
j are conditional expectations. i.e, we have the following
ladder generated by those two towers of amalgamated NCPSpaces,
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
∪i0 ∪i1 ∪i2 ∪i3 · · ·
C ⊂ϕ
′
0 B′ ⊂ϕ
′
1 A′1 ⊂
ϕ′2 A′2 ⊂
ϕ′3 A′3 ⊂
ϕ′4 · · ·
Notice that ikϕk+1 : Ak+1 → A
′
k is a conditional expectation, for all k ∈ N.
Indeed,
ikϕk+1(a) = ik(a) = a, for all a ∈ A
′
k,
since a ∈ A′k ⊂ Ak. Also,
ikϕk+1 (axa
′) = ik
(
aϕk+1(x)a
′
)
= a
(
ikϕk+1(x)
)
a′,
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for all a, a′ ∈ A′k and x ∈ Ak+1.
Definition 4.1. We say that the following inclusions
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
∪i0 ∪i1 ∪i2 ∪i3 · · ·
C ⊂ϕ
′
0 B′ ⊂ϕ
′
1 A′1 ⊂
ϕ′2 A′2 ⊂
ϕ′3 A′3 ⊂
ϕ′4 · · ·
is a commuting ladder of amalgamated NCPSpaces if conditions (i) and (ii) are
satisfied ;
(i) Two towers of inclusions
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·,
C ⊂ϕ
′
0 B′ ⊂ϕ
′
1 A′1 ⊂
ϕ′2 A′2 ⊂
ϕ′3 A′3 ⊂
ϕ′4 · · ·
are towers of amalgamated NCPSpaces.
(ii) For any choice of a square of amalgamated NCPSaces,
Ak ⊂
ϕk+1 Ak+1
∪ik ∪ik+1
A′k ⊂
ϕ′k+1 A′k+1
is a commuting square of amalgamated NCPSpaces, i.e conditional expectations
on that square satisfy that
ikϕk+1 = ϕ
′
k+1ik+1 : Ak+1 → A
′
k.
Example 4.1. Let B be a unital algebra and (A,ϕ), a NCPSpace over B. Suppose
that we have a linear functional ϕ0 : B → C. Also assume that there is a scalar-
valued chain of projections (pk)
∞
k=1 ⊂ Apro. Suppose that there is a NCPSpace over
B, (D,ψ) such that D ⊂ A and there is a coditional expectation EAD : A → D
defined by EAD(x) = x, if x ∈ D ⊂ A and E
A
D(x) = 0D, otherwise. Then we can get
a commuting ladder of (compressed) amalgamated NCPSpaces,
C ⊂ϕ0 B ⊂ϕ1 p1Ap1 ⊂ϕ2 p2Ap2 ⊂ϕ3 · · ·
∪E
A
D ∪E
A
D ∪E
A
D
C ⊂ϕ0 B ⊂ϕ1 p1Dp1 ⊂ϕ2 p2Dp2 ⊂ϕ3 · · ·,
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where EAD = E
A
D |pjApj and ϕj’s are defined in Section 2.3 (i.e, ϕj+1(pj+1apj+1) =
pjapj , ∀a ∈ A), for all j ∈ N. Indeed, for any j, we have a commuting square of
amalgamated NCPSpaces,
pjApj ⊂
ϕj+1 pj+1Apj+1
∪E
A
D ∪E
A
D
pjDpj ⊂
ϕj+1 pj+1Dpj+1,
since
EAD ϕj+1 (pj+1apj+1) = E
A
D (pjapj)
=

pjapj if a ∈ D
0D otherwise.
and
ϕj+1 E
A
D (pj+1apj+1) =

ϕj+1 (pj+1apj+1) if a ∈ D
ϕj+1 (0D) otherwise
=

pjapj if a ∈ D
0D otherwise.
Hence the given ladder satisfies the condition (ii) of Definition 4.1. Since two
towers in the ladder are towers of compressed amalgamated NCPSPaces, our ladder
satisfies the condition (i) of Definition 4.1. Thus the ladder is a commuting ladder
of amalgamated NCPSpaces.
Proposition 4.1. Let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
∪i0 ∪i1 ∪i2 ∪i3 · · ·
C ⊂ϕ
′
0 B′ ⊂ϕ
′
1 A′1 ⊂
ϕ′2 A′2 ⊂
ϕ′3 A′3 ⊂
ϕ′4 · · ·
be a commuting ladder of amalgamated NCPSpaces. Then, for any k < j in N,
a square of inclusions
Ak ⊂
Ek+1, j Aj
∪ik ∪ij
A′k ⊂
E′k+1, j A′j
is a commuting square of amalgamated NCPSpaces.
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Proof. Fix k < j. By the definition of commuting squares of amalgamated NCPSpaces,
it suffices to show that
ikEk+1, j = E
′
k+1, jij : Aj → A
′
k
as a conditional expectation on Aj over Ak. Observe that, for any x ∈ Aj ,
ikEk+1, j(x) = ikϕk+1...ϕj(x) =
(
ikϕk+1
)
ϕk+2...ϕj(x)
=
(
ϕ′k+1ik+1
)
ϕk+2...ϕj(x)
= ϕ′k+1
(
ik+1ϕk+2
)
ϕk+3...ϕj(x)
= ϕ′k+1
(
ϕ′k+2ik+2
)
ϕk+3...ϕj(x)
= ... = ϕ′k+1...ϕ
′
j−1
(
ij−1ϕj
)
(x).
= ϕ′k+1...ϕ
′
j−1
(
ϕ′jij
)
(x) =
(
ϕ′k+1...ϕ
′
j
)
ij(x)
= E′k+1, jij(x).
Therefore, the square of inclusions
Ak ⊂
Ek+1, j Aj
∪ik ∪ij
A′k ⊂
E′k+1, j A′j
is a commuting square of amalgamated NCPSpaces.
Corollary 4.2. Let
C ⊂ϕ0 B ⊂ϕ1 A1 ⊂ϕ2 A2 ⊂ϕ3 A3 ⊂ϕ4 · · ·
∪i0 ∪i1 ∪i2 ∪i3 · · ·
C ⊂ϕ
′
0 B′ ⊂ϕ
′
1 A′1 ⊂
ϕ′2 A′2 ⊂
ϕ′3 A′3 ⊂
ϕ′4 · · ·
be a commuting ladder of amalgamated NCPSpaces. Let (jk)
∞
k=1 be any (sub)sequence
of N. Then we can construct a commuting (sub)ladder of amalgamated NCPSpaces
(4.2.1)
C ⊂Ej1 Aj1 ⊂
Ej1+1, j2 Aj2 ⊂
Ej2+1, j3 Aj3 ⊂ · · ·
∪ij1 ∪ij2 ∪ij3 · · ·
C ⊂E
′
j1 A′j1 ⊂
E′j1+1, j2 A′j2 ⊂
E′j2+1, j3 A′j3 ⊂ · · ·.
Proof. By the previous proposition, we know that, for each chosen jp ( p ∈ N),
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Ajp ⊂
Ejp+1, jp+1 Ajp+1
∪ijp ∪ijp+1
A′jp ⊂
E′jp+1, jp+1 A′jp+1
is a commuting square of amalgamated NCPSpaces. So the ladder (4.2.1) satisfies
the condition (ii) of Definition 4.1. By the previous chapter (or by compatibility),
we know that the given two towers are all towers of amalgamated NCPSpaces. So
the condition (i) of Definition 4.1 is also satisfied. Thus the ladder (4.2.1) is a
commuting ladder of amalgamated NCPSpaces.
The above proposition and corollary show that if we have a commuting ladder
of amalgamated NCPSpaces, then we can naturally define conditional expectations
from the algebras, Aj ’s, in the upper tower of the ladder to the algebras, A
′
k ’s, in
the lower tower of the ladder, whenever k < j. The commuting property is crucial.
Hence we can observe the R-transform theory for those conditional expectations.
Also, the above corollary shows us that if we have a commuting ladder of amalga-
mated NCPSpaces, then we can choose infinitely many commuting subladders of
amalgamated NCPSpaces from the given ladder.
We observed, in the previous example, that we have the following commuting
ladder of amalgamated (compressed) NCPSpaces ; Let (A,ϕ) be a NCPSpace over
B and let D be a subalgebra of A containing B. Assume that we have a conditional
expectation EAD : A → D defined by E
A
B (a) = a if a ∈ D and E
A
D(a) = 0D,
otherwise. Now, let (pk)
∞
k=1 ⊂ Apro be a scalar-valued chain of projections such
that ϕ(pk) = αk, ∀k ∈ N. Then we have the commuting ladder of amalgamated
NCPSpaces,
(*)
C ⊂ϕ0 B ⊂ϕ1 p1Ap1 ⊂ϕ2 p2Ap2 ⊂ϕ3 · · ·
∪E
A
D ∪E
A
D ∪E
A
D
C ⊂ϕ0 B ⊂ϕ1 p1Dp1 ⊂ϕ2 p2Dp2 ⊂ϕ3 · · ·.
We will call this ladder, a commuting ladder of amalgamated compressed NCPSpaces
induced by (pk)
∞
k=1 and E
A
D. Remark that it is possible that D = pNApN , for some
N ∈ N. Then the above ladder can be regarded as
C ⊂ϕ0 B ⊂ϕ1 p1Ap1 ⊂ϕ2 · · · ⊂ϕN pNApN ⊂ · · ·
∪E
A
D ∪E
A
D qE
A
D
C ⊂ϕ0 B ⊂ϕ1 p1Dp1 ⊂ϕ2 · · · ⊂ϕN D = · · ·.
i.e, we take pNDpN = pN+1DpN+1 = pN+2DpN+2 = ... = D. In this case, we
have that
ϕN+j |pN+jDpN+j : pN+jDpN+j → pN+(j−1)DpN+(j−1)
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as the identity map, iD : D → D, for all j ∈ N.
Proposition 4.3. Let B be a unital algebra and (A,ϕ), a NCPSpace over B and
let D be a subalgebra of A containing B. Suppose that we have a scaalr-valued
chain of projections (pk)
∞
k=1 ⊂ Apro, with ϕ(pk) = αk · 1B, ∀k, and a conditional
expectation EAD : A → D defined by E
A
D(x) = x, if x ∈ D and E
A
D(x) = 0D = 0B,
otherwise. Assume that we have a commuting ladder of amalgamated compressed
NCPSpaces (*). Then, for any k < j ∈ N, we can define a conditional expecta-
tion Fk+1, j : pjApj → pkDpk satisfying the following property ; let X and Y be
subsets of A. If X ∪ Y and {pk} are free over B, in (A,ϕ), then X and Y are
free over pkApk, in (A,ϕ) if and only if pjXpj and pjY pj are free over pkDpk, in(
pjApj ,
1
αk+1
Fk+1, j
)
.
Proof. Suppose that we have a ladder of amalgamated compressed NCPSpaces (*)
induced by (pk)
∞
k=1 ⊂ Apro and a canonical conditional expectation, E
A
D : A→ D.
Then we can define a conditional expectation,
Fk+1, j : pjApj → pkDpk,
for any k < j, by
Fk+1, j = E
A
D
(
1
αk+1
· Ek+1, j
)
.
Recall that if X and Y are free over pkApk, in (A,ϕ), then pjXpj and pjY pj
are free over pkApk, in
(
pjApj ,
1
αk+1
Ek+1, j
)
(See Section 2.3). Also, since
EADEk+1, j = Ek+1, j E
A
D,
we need to show that pj
(
EAD(X)
)
pj and pj
(
EAD(Y )
)
pj are free over pkDpk.
But, trivially, if X and Y are free over pkApk, then E
A
D(X) and E
A
D(Y ) are free
over pkDpk, by the very definition of E
A
D. i.e,
EAD(X) = {x ∈ D : x ∈ D ∩X} and E
A
D(Y ) = {y ∈ D : y ∈ D ∩ Y }.
Thus they are automaticlly free under the hypothesis. So, we have that, if X
and Y are free over pkApk, in (A,ϕ) , then
(i) pjXpj and pjY pj are free over pkApk, in
(
pjApj ,
1
αk+1
Ek+1, j
)
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(ii) By (i), pjE
A
D(X)pj and pjE
A
D(Y )pj are also free over pkDpk in
(
pjApj ,
1
αk+1
EADEk+1, j
)
.
So, we can conclude that pkXpk and pkY pk are free over pkDpk, in (pjApj , Fk+1, j) .
As an application, we have the following theorem ;
Theorem 4.4. Let B be a unital algebra and (A,ϕ), a NCPSpace over B and let
D be a subalgebra of A containing B. Suppose that we have a scaalr-valued chain of
projections (pk)
∞
k=1 ⊂ Apro, with ϕ(pk) = αk · 1B, ∀k, and a conditional expectation
EAD : A → D defined by E
A
D(x) = x, if x ∈ D and E
A
D(x) = 0D = 0B, otherwise.
Assume that we have a commuting ladder of amalgamated compressed NCPSpaces
(*). Let Fk+1, j : pjApj → pkApk be E
A
DEk+1, j. Assume that we have two pkApk-
free subsets X = {pjx1pj , ..., pjxspj} and Y = {pjy1pj , ..., pjyspj}. If X ∪ Y and
{pj} is free over pkApk, in (pjApj , Ek+1, j), then, for any fixed k < j ∈ N, we have
that
(1) R
(Fk+1, j)
pjx1pj ,...,pjxspj ,pjy1pj ,...,pjyspj (z1, ..., z2s)
= R
(Fk+1, j)
pjx1pj ,...,pjxspj (z1, ..., zs) +R
(Fk+1, j)
pjypj ,...,pjyspj (zs+1, ..., z2s).
(2) R
(Fk+1, j)
pjx1pj+pjy1pj ,...,pjxspj+pjyspj (z1, ..., z2s)
= R
(Fk+1, j)
pjx1pj ,...,pjxspj (z1, ..., zs) +R
(Fk+1, j)
pjypj ,...,pjyspj (z1, ..., zs).
(3) R
(Fk+1, j)
(pjx1pj)(pjy1pj),...,(pjxspj)(pjyspj)
(z1, ..., zs)
=
(
R
(Fk+1, j)
pjx1pj ,...,pjxspj *B R
(Fk+1,j) : t
pjy1pj ,...,pjyspj
)
(z1, ..., zs)
=
(
R
(Fk+1, j)
pjx1pj ,...,pjxspj *B R
(ϕ) : t
y1 , . . . ,ys
)
(z1, ..., zs).

We can extend this construction of such ladders from two pairs of towers of
amalgamated NCPSpaces to nets of amalgamated NCPSpaces such as
C ⊂ B ⊂ A1 ⊂ A2 ⊂ A3 ⊂ · · ·
∪ ∪ ∪ ∪
C ⊂ B′ ⊂ A′1 ⊂ A
′
2 ⊂ A
′
3 ⊂ · · ·
∪ ∪ ∪ ∪
C ⊂ B′′ ⊂ A′′1 ⊂ A
′′
2 ⊂ A
′′
3 ⊂ · · ·
∪ ∪ ∪ ∪
...
...
...
...
. . .
But even in the commuting ladders, we have seen that it is difficult to consider
the amalgamated freeness between two algebras in that ladderWe only considered
the case when we have a commuting ladder of amalgamated compressed NCPSpaces
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induced by a scalar-valued chain of projections and the given ”good” conditional
expectation.
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